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Abstract

This dissertation explores the problem of uni�cation in v arious t yp ed � -calculi, dev eloping

and pro ving the correctness and completeness of uni�cation algorithms for v arious calculi

within a single general framew ork, and then demonstrating the practical imp ortance of these

algorithms b y means of example applications.

W e b egin b y presen ting our general framew ork for uni�cation, based on transformations of

uni�cation problems. Then, in this framew ork, w e dev elop a new uni�cation algorithm for

a � -calculus with dep enden t function (�) t yp es. This algorithm is esp ecially useful as it

pro vides for mec hanization in the v ery expressiv e L o gic al F r amework (LF) . The dev elopmen t

in v olv es signi�can t complications not arising Huet's corresp onding algorithm for the simply

t yp ed � -calculus, primarily b ecause it m ust deal with ill-t yp ed terms. W e then extend this

algorithm �rst for dep enden t pro duct (�) t yp es, and second for implici t p olymorphism. In

the latter case, the algorithm is incomplete, though still quite useful in practice.

The last part of the dissertation pro vides examples of the usefulness of the algorithms. The

general idea is to use a � -calculus as a meta-language for represen ting v arious other languages

(ob ject-languages). The ric h structure of a t yp ed � -calculus, as opp osed to traditional, �rst-

order abstract syn tax trees, allo ws us to express rules, e.g. , program transformation and

logical inference rules, that are more succinct, more p o w erful, and easier to reason ab out.

W e can then use uni�cation in the meta-language to mec hanize application of these rules.
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Chapter 1

In tro duction

This dissertation addresses the problem of p erforming uni�cation in v arious t yp ed � -calculi.

It w as motiv ated b y and builds up on t w o areas of researc h whose imp ortance is b ecoming

increasingly recognized in computer science. The �rst of these is the mec hanization of

fragmen ts of higher-order logic b y means of higher-order uni�cation, i.e. , uni�cation in the

t yp ed � -calculus (mo dulo � � -con v ersion). The second area is the use of ric h t yp e theories

for formalizing theorem pro ving and program dev elopmen t.

The primary con tribution of this thesis is to com bine the adv an tages of mec hanizabilit y

of the simply t yp ed � -calculus with the increased expressiv e p o w er of these ric her calculi, b y

dev eloping new uni�cation algorithms for calculi with dep enden t function t yp es, pro ducts

(again a dep enden t v ersion, sometime s referred to as \strong sum" or simply \�" t yp es),

and implici t p olymorphism. These new algorithms ha v e imp ortan t applications in the gen-

eral area of formal language analysis and manipulation, for example, mec hanically assisted

theorem pro ving in a wide range of logics, automated or semi-automated t yp e inference or

t yp e c hec king in v arious t yp ed languages, and mec hanically assisted program transforma-

tion. Of course, these v arious forms of applications ha v e b een implem en ted b efore for v arious

languages (including logics). Our algorithms pro vide a general to ol that can b e more easily

applied to a v ariet y of languages than previously existing to ols.

As a secondary con tribution, w e o�er a new presen tation of this kind of algorithm, whic h

w e hop e serv es to clarify the issues in v olv ed in these and other problems and algorithms.

Although man y of the imp ortan t ideas in our algorithms ha v e their ro ots in Huet's

algorithm for higher-order uni�cation [36 ], there are serious tec hnical di�culties that arise

only in extensions to ric her calculi. One is the necessit y to deal with ill-t yp ed terms during

the uni�cation pro cess. Our tec hnique for dealing with ill-t yp edness signi�can tly complicates

the pro ofs, but fortunately requires little additional complexit y in the algorithms.

1



2 CHAPTER 1. INTR ODUCTION

1.1 Higher-order Uni�cation

The dev elopmen t of (�rst-order) uni�cation, �rst studied b y Herbrand [31], had a ma jor

impact on the �eld of automated theorem pro ving in �rst-order logic, b ecause it w as the k ey

comp onen t of the new mec hanization pro cedure r esolution , due to Robinson [67 , 66 ] (who

also rein tro duced uni�cation). Because of the success of resolution, m uc h w ork w as fo cused

on the e�cien t implem en tation of uni�cation. (See [39] for a surv ey .) Another signi�can t

dev elopmen t w as the observ ation that a subset of �rst-order logic, no w called Horn lo gic ,

could serv e as an elegan t programming language, for whic h in terpretation w as p erformed

b y a restricted form of resolution kno wn as SLD r esolution (whic h is complete for Horn

logic) [75 ]. Colmerauer and Roussel �rst implem en te d the programming language Prolog

based on this idea [9].

In 1940, Ch urc h had form ulated a higher-or der lo gic , based on the incorp oration of simple

t yp es in his � -calculus. F orm ulas and pro ofs in higher-order logic can b e m uc h more succinct

than their corresp onding v ersions in �rst-order logic.

Giv en the success of �rst-order resolution in mec hanizing �rst-order logic, it w as natural

to consider the p ossibilit y of higher-order resolution for mec hanizing higher-order logic. This

form of resolution dep ends on b eing able to en umerate complete sets of uni�ers (CSUs) in

the simply t yp ed � -calculus ( �

!

). Guard [27] p oin ted out that CSUs m ust sometimes b e in-

�nite, and the general problem of uni�abilit y w as sho wn to b e undecidable b y Lucc hesi [40],

Huet [35], and Goldfarb [26]. Goldfarb sho w ed undecidabilit y for ev en a restriction of the

problem to second-order uni�cation, with a single binary function constan t. In con trast,

Huet [34, 37 ] sho w ed second-order matc hing to b e decidable, and F armer [21] sho w ed decid-

abilit y of monadic second-order uni�cation. Decidabilit y of higher-order matc hing is still an

op en problem. A complete algorithm for en umerating CSUs w as presen ted b y Jensen and

Pietrzyk o wski [38], but it had the problem of b eing extremely undirected for certain kinds of

problems. Huet sho w ed that it is imp ossible in general to en umerate minimal (nonredundan t)

CSUs [34 ].

In [34], Huet presen ted a pr e-uni�c ation algorithm that a v oids some of the problems of

undirectedness and redundancy . The k ey new idea w as to p ostp one uni�cation subproblems

of a certain form, called \
exible-
exible". He noted that these subproblems w ere the source

of uni�cation's extreme undirectedness, and, imp ortan tly , pro v ed that when all but 
exible-


exible subproblems are eliminated, the remainder m ust alw a ys b e uni�able. Th us a pre-

uni�cation algorithm su�ces for uni�abilit y . It also turns out to su�ce for resolution, in

whic h the remaining 
exible-
exible subproblems are sa v ed to b e added to future uni�cation

problems. The addition of these new uni�cation constrain ts often cause some of the 
exible-


exible subproblems to b e instan tiated in to forms in whic h they can b e further reduced.

While the original purp ose of higher-order uni�cation w as higher-order resolution, man y

div erse applications follo w ed. Andrews dev elop ed the tec hnique of matings for automated
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theorem pro ving in higher-order logic [1]. Huet and Lang sho w ed ho w to use a fragmen t

of �

!

to enco de program transformation rules and then use second-order matc hing and

substitution to automatically apply them [37 ].

Just as �rst-order uni�cation and �rst-order resolution led to Prolog, Nadath ur applied

higher-order uni�cation and higher-order resolution in the design of a new programming

language � Prolog [53]. Although �rst based on a higher-order Horn logic, Miller et al. gen-

eralized the logic to higher-or der her e ditary Harr op formulas , whic h include use of explicit

existen tial and univ ersal quan ti�cation and implication [49, 47 ]. This extra expressiv eness

has pro v ed extremely useful in man y applications dealing with the manipulation of pro-

grams and form ulas [50]. Some other applications of � Prolog ha v e b een computational

linguistics [46], sp ecifying and impleme n ti ng theorem pro v ers for v arious logics [22 , 23 ], pro-

gram analysis [28], partial t yp e inference in the ! -order p olymorphic � -calculus [59 ], and

explanation based generalization (EBG) [16]. Donat and W allen [17] also used higher-order

uni�cation for EBG. P aulson's Isab elle system for theorem pro ving in logics enco ded in

higher-order logic [56 , 57 ] is similar in spirit to the � Prolog w ork of F elt y and Miller.

1.2 Ric her T yp e Theories

Man y of the applications of higher-order uni�cation listed ab o v e in v olv e the use of �

!

for represen ting (enco ding) v arious formal languages, in particular logics and programming

languages.

1

Another area of researc h has b een the exploration of ric her t yp e theories and

their application to formalizing theorem pro ving and program dev elopmen t. One v ery im-

p ortan t paradigm is that of \form ulas as t yp es" in tro duced b y Curry [13 ] and Ho w ard [32],

who observ ed a corresp ondence b et w een t yp es and terms of a giv en t yp e on the one hand,

and form ulas and pro ofs of a giv en form ula on the other. This corresp ondence has b een

further pursued in the w ork of deBruijn's group [15 ], Martin-L• of ( e.g. , [42 ]), NuPrl [10], and

the Calculus of Constructions (CoC) [11].

More recen tly , a related but di�eren t approac h has b een prop osed for represen ting logics

within a t yp e theory . The L o gic al F r amework (LF) , based on �

!

extended with dep endent

function (�) typ es , mak es a corresp ondence b et w een t yp es families (functions from terms to

t yp es) and the fundamen tal units of inference systems, called judgements (follo wing Martin-

L• of [43]). Logical form ulas are enco ded as terms rather than t yp es, and the judgmen t

t yp e families are applied to these terms. The in ten t of LF is di�eren t from the previous

formalisms, since it is in tended for supp orting not just one, but a wide range of logics,

ev en nonconstructiv e ones. It is th us presen ted as a \�rst step to w ards a general theory of

in teractiv e pro of c hec king and pro of construction." A crucial prop ert y of LF, due to the ric h

represen tations allo w ed b y dep enden t t yp es, is that pro of c hec king in appropriately enco ded

1

V ariations on this general idea ha v e also b een suggested b y Martin-L• of as a \system of arities" [43 ], and

b y Pfenning and Elliott as \higher-order abstract syn tax" [60 ].
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languages is reduced to t yp e c hec king in the represen ting t yp ed � -calculus, and th us the

decidabilit y of t yp e-c hec king is vital. As p oin ted out in [30 ], this is of great practical v alue,

b ecause it allo ws for the implem en tation of general to ols, e.g. , an in teractiv e pro of editor,

that w ork for a v ariet y of logical systems. In comparison with CoC, the LF t yp e theory

is v ery w eak, ha ving the same computational p o w er as the simply t yp ed � -calculus. The

problem of uni�cation in CoC's t yp e theory seems to b e signi�can tly harder than uni�cation

in LF's t yp e theory .

The enhanced represen tational abilit y of extending the �

!

with pro duct t yp es and im-

plicit p olymorphism (free t yp e v ariables) has b een demonstrated in [60]. The usefulness of

these extensions comes from the fact that man y languages con tain constructs that are made

up of a v ariable n um b er of comp onen ts ( e.g. , a parallel \let" binding expression, as in ML

or Lisp). The addition of dep enden t function t yp es also allo ws the direct represen tation of

the t yping systems of v arious languages. This w as observ ed in the LF enco ding in [30] of

Ch urc h's higher-order logic, and is explored in Chapter 7 of this thesis.

Pfenning has designed a programming language Elf [58] that com bines the ideas of LF

and � Prolog. There is an implem en tation of it in Standard ML [19 ].

1.3 Ov erview of the Thesis

1.3.1 The Calculus �

�

W e b egin in Chapter 2 b y presen ting the calculus \ �

�

", whic h is an extension of the �

!

in

t w o w a ys: First, in place of a simple function t yp e A ! B , the t yp e of the result of applying

a function in �

�

ma y dep end on the term to whic h the function is applied. These t yp es

are written \� v : A : B ", where B ma y dep end on (con tain free o ccurrences of ) v . Second,

in order for suc h a B to dep end on the v ariable v , the base t yp es of �

!

are generalized to

t yp e families, as indexed b y zero or more appropriately t yp ed terms. This calculus is the

one used b y the Logical F ramew ork (LF) [30] (whic h itself is deriv ed from mem b ers of the

A UTOMA TH family of languages [15]) for the purp ose of enco ding the syn tax, rules and

pro ofs of a wide class of logics.

After presen ting the syn tax of the terms, t yp es, and kinds of �

�

and their asso ciated

t yping rules, w e go on to presen t our somewhat uncon v en tional de�nition of substitutions

and their comp osition op eration. Our de�nition has the adv an tage of eliminating temp orary

v ariables, whic h arise frequen tly in uni�cation. W e demonstrate b y example the di�erence

b et w een the con v en tional de�nition and ours, and sho w ho w to mak e our notion of sub-

stitution practical, b y giving a compact represen tation and a metho d for comp osition of

substitutions using this represen tation.
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The con v ersion rules of �

�

are the � and � rules at the lev el of terms and the lev el of

t yp es. These are extended in the usual w a y to the one-step and m ulti-step subterm reducing

relations !

� �

and !

�

� �

, and to the con v ertibilit y relation $

�

� �

. The Ch urc h-Rosser (CR)

prop ert y for �

�

with � as w ell as � has, for some time, b een generally b eliev ed to b e true.

This conjecture has only recen tly b een v eri�ed and the pro of is quite complex [68]. W e

describ e t w o alternativ es to relying on CR. The imp ortance of CR, together with the strong

normalization prop ert y (SN), whic h is fairly easy to sho w, is that they reduce the question

of con v ertibilit y (of w ell-t yp ed terms and t yp es) to equiv alence (mo dulo � -con v ersion) of

normal forms.

1.3.2 An Approac h to Uni�cation

Chapter 3 presen ts our framew ork for sp ecifying uni�cation in v arious calculi and dev elop-

ing and pro ving the correctness and completeness of algorithms for pre-uni�cation in these

calculi. Our approac h is related to the transformation-based approac hes of Martelli and

Mon tanari for �rst-order uni�cation [41] and of Sn yder and Gallier for higher-order and

equational uni�cation [70, 69 ], whic h w as itself inspired b y the w ork of Martelli and Mon ta-

nari [41 ]. Ho w ev er, as discussed b elo w, unlik e these w orks, our approac h mak es the imp ortan t

distinction b et w een t w o kinds of \nondeterminism" presen t in the searc h for uni�ers. This

distinction is necessary to form ulate an algorithm for en umerating c omplete and minimal

sets of solutions (as de�ned in the c hapter).

W e b egin b y de�ning the notion of a uni�c ation pr oblem , whic h encapsulates the infor-

mation gained in making progress to w ard a subset of p ossible uni�ers of an original pair of

terms or t yp es. Next, w e de�ne the set of al l solutions of a uni�cation problem, and then

minimal c omplete sets of pr e-uni�ers ( � CSPs). F or us, a pre-uni�er is not a substitution,

but rather a sp ecial kind of uni�cation problem ( solve d form ), whose set of solutions is a

subset of the set of solutions of a giv en uni�cation problem.

W e then presen t the notion of tr ansformations on uni�cation problems, cen tral to our

framew ork, whic h are relations b et w een uni�cation problems and sets of uni�cation prob-

lems. Eac h particular pre-uni�cation algorithm is giv en (in later c hapters) as a collection

of transformations. These transformations are required individually to ha v e the prop ert y

of validity and collectiv ely to ha v e the prop ert y of c ompleteness . The purp ose of suc h a

collection of transformations is to b e able to ultimately transform a uni�cation problem in to

a � CSP.

W e then de�ne ho w a collection of transformations generates a set of pre-uni�ers of a

giv en uni�cation problem b y means of a nondeterministic searc h pro cess. There are t w o

kinds of c hoices are made in this pro cess: �rst whic h uni�cation problem to w ork on next,

and second whic h transformation to apply and ho w to apply it. It turns out that the second

kind of c hoice ma y b e made completely arbitrarily , but, in order to ha v e completeness, the
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�rst kind m ust b e done in a fair w a y . Finally , w e pro v e that collections of transformations

satisfying the v alidit y and completeness prop erties do generate � CSPs.

1.3.3 A Pre-uni�cation Algorithm

Chapter 4 presen ts the dev elopmen t of an algorithm for HOU

�

, i.e. , pre-uni�cation in �

�

, as

a collection of transformations. The algorithm w e construct is similar to Huet's algorithm for

HOU

!

(pre-uni�cation in �

�

). Under additional assumptions ab out the con trol structure, it

b eha v es almost exactly the same on the subset of �

�

corresp onding to �

!

. Ho w ev er, there

are considerable tec hnical di�culties in the justi�cation of the algorithm that do not arise

in HOU

!

.

Normal forms pla y a vital role in the dev elopmen t, and w e b egin b y de�ning one that

will b e needed later in the c hapter. This is the � we ak he ad normal form (WHNF) , whose

purp ose is to rev eal just the top lev el structure of the � normal form of a term or t yp e.

In terestingly , the role of � is quite di�eren t from � . In con trast, Huet used a long normal

form (LNF), based on � -reduction and � -expansion.

Then w e dev elop sev eral useful prop erties of con v ertibilit y . Eac h of these prop erties ma y

b e in terpreted as a decomp osition metho d, in the follo wing sense: Giv en an y pair of w ell-

t yp ed terms or t yp es of the same t yp e or kind, one of the de�ned metho ds either sho ws

that they are not con v ertible, or constructs a set of pairs of terms and/or t yp es that (a)

has the same set of (sim ultaneous) uni�ers, (b) satis�es a certain r elative wel l-typ e dness

prop ert y , and (c) is, in a sense de�ned in the c hapter, \smaller" than the giv en pair. One

application of this set of decomp osition metho ds is as an algorithm to test for con v ertibilit y .

(In fact, it is a sp ecialization of our HOU

�

algorithm when there are no uni�cation v ariables.)

Ho w ev er, the main purp ose is to la y the groundw ork for the form ulation and justi�cation of

the transformation rules.

Next w e examine some of the issues that arise in HOU

�

. Of particular imp ortance is

the need to deal with ill-t yp edness during pre-uni�cation (unlik e HOU

!

, where it is easily

a v oided). Managing ill-t yp edness is a ma jor consideration in our transformations and their

justi�cation. F ortunately ho w ev er, the extra complexit y is more in the pro ofs than in the

transformations themselv es. W e de�ne an in v arian t on uni�cation problems called \accept-

abilit y", on whic h the transformations dep end and whic h they main tain. The main feature

of an acceptable uni�cation problem is that the ill-t yp edness presen t is \accoun ted for", as

ensured b y the existence of a certain kind of partial order on the pairs b eing uni�ed.

With this bac kground, w e are ready to construct the transformations that mak e up our

algorithm and pro v e their correctness. The decomp osition metho ds de�ned previously yield

with little additional w ork three transformations, whic h w e call the \redex", \abstraction",

and \rigid-rigid" transformations. The idea in eac h of these transformations is to either
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sho w non uni�ablit y or to replace a c hosen disagreemen t pair (pair of terms or t yp es b e-

ing uni�ed) with a �nite collection of simpler disagreemen t pairs. These cases corresp ond

roughly to Huet's SIMPL phase [36]. The �nal transformation deals with \
exible-rigid"

disagreemen t pairs. In this case w e deduce a useful constrain t on the p ossible uni�ers of the

c hosen disagreemen t pair. W e then sho w ho w to use this constrain t to instan tiate the uni�-

cation problem in to a �nite collection of alternate uni�cation problems. This transformation

corresp onds to Huet's MA TCH phase. Eac h of the transformations is pro v ed v alid, and the

collection is pro v ed complete. They th us de�ne an algorithm for en umerating � CSPs, as

describ ed in Chapter 3.

The v alue of pre-uni�cation in �

!

is that solv ed disagreemen t sets (ones con taining only


exible-
exible pairs) are alw a ys uni�able, and so pre-uni�abilit y implies uni�abilit y [36].

By making vital use of our de�nition of ac c eptability , w e can generalize Huet's constructiv e

pro of of this fact to acceptable solv ed-form uni�cation problems in �

�

. F or the simply t yp ed

subset of �

�

, the substitution that w e construct sp ecializes to Huet's.

Finally w e demonstrate an application of our uni�cation algorithm, to p erform automatic

\term inference". This problem has t w o imp ortan t applications. One is making our uni�-

cation algorithm more widely applicable. The other is to pro vide automatic t yp e inference

in enco ded languages, as describ ed in Chapter 7. As in man y t yp e inference algorithms,

the basic idea is to com bine t yp e-c hec king and uni�cation, in this case, HOU

�

. A similar

problem is dealt with b y Co quand and Huet [12 , 33 ] and b y P ollac k [61 ] under the name of

\argumen t syn thesis".

W e rep orted on a sligh tly di�eren t algorithm for HOU

�

in [18 ].

Pym has rep orted an indep enden t dev elopmen t of an algorithm for HOU

�

as w ell [64].

1.3.4 Pro ducts

Chapter 5 extends the pre-uni�cation algorithm dev elop ed in the previous c hapter to the

calculus \ �

��

", whic h is �

�

enric hed with a dep enden t v ersion of Cartesian pro duct t yp es,

often called \strong sum t yp es", or simply \� t yp es". W e b egin b y presen ting the extensions

to the language, notion of substitutions, con v ersion rules, and the new w eak head normal

form. W e then dev elop decomp osition metho ds analogous to those of the previous c hapter.

In terestingly , the rule of surjectivit y for pairs turns out to pla y a role similar to that of � .

With the exception of the 
exible-rigid case, the transformations are quite similar to the

ones for HOU

�

, using the new decomp osition metho ds. The 
exible-rigid case uses the same

basic ideas as in HOU

�

, but there are some in teresting di�erences. It is also simpli�ed b y

the addition of a new transformation for eliminating p air-pr o ducing uni�cation v ariables.
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1.3.5 P olymorphism

Chapter 6 extends the pre-uni�cation algorithm for �

��

to a calculus \ �

�� �

" with implicit

p olymorphism, i.e. , t yp e v ariables but no explicit t yp e abstraction, and a v ery limited form

of t yp e application. The resulting algorithm is incomplete, but quite useful.

The transformations for handling w eak head redices, abstraction and pairs, and pair-

pro ducing v ariables carry o v er unc hanged from the previous c hapter. The only c hange in

the rigid-rigid transformation is the need to handle the t yp e argumen ts of p olymorphic

constan ts. It is w orth p oin ting out here that the analysis is greatly simpli�ed b y our use of

w eak head normal form instead of the long normal form. There is no w a 
exible-rigid case

for typ es as w ell as terms, but it is simpler and do es not cause branc hing in the searc h for

pre-uni�ers. The 
exible-rigid case for terms con tains the source of incompleteness of our

algorithm. Considerable exp erience with applications programmed in � Prolog, whic h uses an

analogous treatmen t for uni�cation in �

!

extended with implicit p olymorphism, has sho wn

it to b e v ery useful in practice. F or man y uni�cation problems of in terest, the algorithm

do es indeed construct � CSPs.

1.3.6 Applications

Chapter 7 explores applications of our pre-uni�cation algorithms. These applications all ha v e

in common that they use a t yp ed � -calculus as a meta-language , i.e. , a calculus in whic h to

enco de other languages, whic h w e will call obje ct-languages . The ric h structure of a t yp ed

� -calculus as opp osed to traditional, �rst-order abstract syn tax trees allo ws us to express

rules, e.g. , program transformation and logical inference rules, that are more succinct, more

p o w erful, and easier to reason ab out. W e can then use uni�cation in the meta-language to

mec hanize application of these rules.

W e b egin b y giving some examples of the di�culties in using w eak represen tation for-

malisms suc h as abstract syn tax trees. These di�culties include consideration of v ariable

capturing and shado wing, v ariable o ccurrence conditions, con texts, and ob ject-language t yp-

ing.

W e then giv e an example of a represen tation of a simple t yp ed expression language, and

use it to illustrate our claim that our meta-language term inference algorithm directly yields

ob ject-language t yp e inference (in simple enough ob ject-languages). W e then extend the

language with new constructs, including programs de�ned b y m utually recursiv e function

de�nitions. These extensions sho w the v alue of pro ducts and implicit p olymorphism.

Finally , w e giv e sev eral examples of transformation rules for our language, whic h are

easily expressed b ecause of the ric h meta-language, and can b e applied automatically b y

using HOU

�� �

.



Chapter 2

The Calculus �

�

In this c hapter, w e presen t the calculus �

�

. After presen ting the syn tax of the terms, t yp es,

and kinds of �

�

, w e go on to presen t our somewhat uncon v en tional de�nition of substitutions

and their comp osition op eration. The con v ersion rules of �

�

are the � and � rules at the

lev el of terms and the lev el of t yp es. The Ch urc h-Rosser prop ert y for � � reduction on w ell-

t yp ed terms and t yp es in �

�

, although generally b eliev ed to b e true, has not b een rigorously

pro v ed. F or the purp oses of this thesis, one can either accept it as a w orking h yp othesis, or

mo dify the de�nition of con v ertibilit y , as discussed in this c hapter. Finally , w e presen t the

t yping rules of the calculus and some of their imp ortan t prop erties.

2.1 The Language

The calculus �

�

is the one used b y the Logical F ramew ork (LF) [30], whic h itself is deriv ed

from mem b ers of the A UTOMA TH family of languages [15]. The language of terms (called

\ob jects" in [30]) in this calculus has the same structure as the simply t yp ed � -calculus

( �

!

) [8]. In place of simple function t yp es \ A ! B " w e ha v e dep endent function typ es

1

,

\� v : A : B ", in whic h the t yp e B of the result of a function ma y dep end on the v alue v of the

term to whic h it is applied. Along with t yp es, there are typ e families , whic h are instan tiated

b y applying them to terms. (They are th us di�eren t from, e.g. , the t yp e constructors of

ML [29], whic h are instan tiated b y applying them to t yp es.) T yp es and t yp e families are

classi�ed b y their kind . Letting the meta-v ariables M and N range o v er terms, A and B

1

These are also sometimes called \dep enden t pro duct t yp es". W e prefer to use that term for the � t yp es

in tro duced in Chapter 5, whic h are sometimes called \strong sum t yp es".

9



10 CHAPTER 2. THE CALCULUS �

�

o v er t yp es (and t yp e families), and K o v er kinds, the language is as follo ws:

M ::= c constan t

j v v ariable

j �v : A : M abstraction

j M N application

A ::= c constan t

j � v : A : B dep enden t function t yp e

j �v : A : B t yp e family formation

j A M t yp e family instan tiation

K ::= T yp e t yp es of terms

j � v : A : K t yp e family

W e will often use the abbreviation \ A ! B " for \� v : A : B " when v is not free in B , and

similarly for kinds. As usual, application is left asso ciativ e, i.e. , M M

0

M

00

is the same

as ( M M

0

) M

00

. Also, in an abstraction, the scop e of the dot reac hes to the next closing

paren thesis (or the end of the expression). W e will sometimes use the meta-v ariable U to

range o v er terms and t yp es, and o ccasionally kinds.

F or the most part, w e will ignore the issues of � -con v ersion (b ound v ariable renaming) and

v ariable capture. In implem en tations, w e prefer de Bruijn's \nameless" represen tation [14],

in whic h b ound v ariable o ccurrences are in tegers denoting the n um b er of � 's b et w een the

o ccurrence and its binding � . The mec hanics of substitution in this represen tation are

describ ed w ell in [33, Section 8.3]. F or purp oses of presen tation, ho w ev er, the con v en tional

named represen tation is m uc h easier to w ork with.

2.2 Substitution

Substitution is a fundamen tal notion in the study of uni�cation. Our approac h is somewhat

uncon v en tional, in that w e asso ciate ev ery substitution with t w o sets of v ariables. Prag-

matically , the most imp ortan t di�erence is the w a y that comp osition of substitutions w orks.

Our de�nition has the adv an tage of eliminating temp orary v ariables, whic h arise frequen tly

in higher-order (and equational) uni�cation. It also eliminates the need for idemp otence

requiremen ts.

First, w e need t w o preliminary notions:
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De�nition 2.1 The set of free v ariables of a term, typ e, or kind U , written \ F ( U ) ", is

given by the fol lowing. First for terms,

F ( c ) = f g

F ( v ) = f v g

F ( M N ) = F ( M ) [ F ( N )

F ( �v : A : M ) = F ( A ) [ ( F ( M ) � f v g )

then for typ es,

F ( c ) = f g

F (� v : A : B ) = F ( A ) [ ( F ( B ) � f v g )

F ( A M ) = F ( A ) [ F ( M )

F ( �v : A : B ) = F ( A ) [ ( F ( B ) � f v g )

and �nal ly for kinds

F ( T yp e ) = f g

F (� v : A : K ) = F ( A ) [ ( F ( K ) � f v g )

De�nition 2.2 Given a variable set V , the set \ �

V

�

" c ontains just those terms, typ es, and

kinds having fr e e variables in V , i.e.,

f U 2 �

�

j F ( U ) � V g

De�nition 2.3 Given variables sets V and V

0

, the set of substitutions from V to V

0

, written

\ �

V

0

V

", is the set of functions fr om V to �

V

0

�

.

As a con v en tion, w e will use the meta-v ariable \ � ", p ossibly subscripted and/or primed, to

range o v er substitutions.

Later, w e will in tro duce the more restrictiv e notion of a \w ell-t yp ed" substitution.

De�nition 2.4 Given a variable set V , the set of substitutions o v er V , written �

V

, is the

union over al l variable sets V

0

of �

V

0

V

.

Of particular in terest are the iden tit y substitutions:

De�nition 2.5 F or any variable set V , the iden tit y substitution o v er V , \ �

id

V

", is de�ne d

by �

id

V

2 �

V

V

and �

id

V

v = v for al l v 2 V .
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As is customary , w e no w extend substitutions to functions o v er �

V

�

. This extension is

more complicated than in �rst-order languages b ecause of v ariable binding. W e �rst need

one tec hnical device:

De�nition 2.6 Given variable sets V and V

0

, and a variable u 62 V [ V

0

, let �

+ u

b e the

unique memb er of �

V

0

[f u g

V [f u g

such that

�

+ u

v = � v for v 2 V

�

+ u

u = u

De�nition 2.7 Given variable sets V and V

0

, and a substitution � 2 �

V

0

V

, let � b e the

function fr om �

V

�

to �

V

0

�

satisfying the fol lowing pr op erties. First for terms,

� c = c

� v = � v if v 2 V

� ( M N ) = ( � M ) ( � N )

� ( �u : A: M ) = �u : � A: �

+ u

M if u 62 V [ V

0

The c ondition in the last c ase is for simplicity. We c an always satisfy it by � -c onversion.

Then for typ es,

� c = c

� (� u : A : B ) = � u : �A: �

+ u

B if u 62 V [ V

0

� ( A M ) = ( � A ) ( � M )

� ( �u : A : B ) = �u : � A: �

+ u

B if u 62 V [ V

0

Final ly, for kinds,

� T yp e = T yp e

� (� u : A : K ) = � u : �A: �

+ u

K if u 62 V [ V

0

2.2.1 Comp osition

Comp osition of substitutions is an imp ortan t op eration, and is closely related to comp osition

of functions.

2

De�nition 2.8 Given variable sets V and V

0

, and substitutions � 2 �

V

0

V

and �

0

2 �

V

00

V

0

,

de�ne

�

0

� � = �

0

�

�

Note then that �

0

� � 2 �

V

00

V

.

2

W e use fun tional order comp osition, i.e. , ( f

�

g ) x = f ( g x ).
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The follo wing theorem relates this notion of comp osition with standard notion of func-

tional comp osition:

Theorem 2.9 L et � and �

0

b e as ab ove. Then �

0

� � = �

0

�

� .

T o pro v e the theorem, w e will �rst need some lemmas:

Lemma 2.10 L et � 2 �

V

0

V

, and u; u

0

62 V [ V

0

, with u 6= u

0

. Then ( �

+ u

)

+ u

0

= ( �

+ u

0

)

+ u

.

Pro of : W e will sho w that these substitutions yield the same result when applied to mem b ers

of V [ f u; u

0

g .

� Case v 2 V : ( �

+ u

)

+ u

0

v = �

+ u

v = � v , b y De�nition 2.6. Similarly , ( �

+ u

0

)

+ u

v = � v .

� Case u : ( �

+ u

)

+ u

0

u = �

+ u

u = u . Also, ( �

+ u

0

)

+ u

u = u .

� Case u

0

: Dual to the previous case.

2

Lemma 2.11 L et � 2 �

V

0

V

, u 62 V [ V

0

, and U 2 �

V

�

. Then �

+ u

U = � U .

Pro of : W e pro v e that for all U , and for V ; V

0

, suc h that U 2 �

V

�

, and for all � 2 �

V

0

V

, w e

ha v e �

+ u

U = � U . The pro of is b y structural induction on U . W e will only sho w the cases

for terms, since t yp es and kinds are handled analogously .

� V ariable v : Let V , V

0

, and � b e suc h that v 2 �

V

�

and � 2 �

V

0

V

. Then v 2 V , so

�

+ u

v = �

+ u

v = � v = � v .

� Constan t c : �

+ u

c = c = � c .

� Application ( M N ):

�

+ u

( M N ) = ( �

+ u

M ) ( �

+ u

N )

= ( � M ) ( � N ) b y the induction h yp othesis (see b elo w)

= � ( M N )

W e can apply the induction h yp othesis here, since F ( M ) � F ( M N ) and F ( N ) �

F ( M N ).
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� Abstraction �u

0

: A : M : Let V , V

0

, and � b e suc h that ( �u

0

: A : M ) 2 �

V

�

and � 2 �

V

0

V

,

where w e assume u

0

62 V [ V

0

[ f u g . Then

�

+ u

( �u

0

: A : M ) = �u

0

: �

+ u

A : ( �

+ u

)

+ u

0

M

= �u

0

: �

+ u

A : ( �

+ u

0

)

+ u

M b y the previous lemma

= �u

0

: � A : �

+ u

0

M b y the induction h yp othesis (see b elo w)

= � ( �u

0

: A : M )

W e ma y apply the induction h yp othesis here, since M 2 �

V [f u

0

g

�

and �

+ u

0

2 �

V

0

[f u

0

g

V [f u g

.

2

Lemma 2.12 L et � 2 �

V

0

V

and �

0

2 �

V

00

V

0

. Then ( �

0

� � )

+ u

= �

0 + u

� �

+ u

. (Equivalently, by the

de�nition of \ � ", we have ( �

0

�

� )

+ u

= �

0 + u

�

�

+ u

.)

Pro of : W e will sho w that these substitutions yield the same result when applied to mem b ers

of V [ f u g .

� Case v 2 V : ( �

0

� � )

+ u

v = ( �

0

� � ) v = �

0

( � v ). Also, �

0 + u

( �

+ u

v ) = �

0 + u

( � v ) = �

0

( � v ),

b ecause of the previous lemm a (and since u 62 F ( � v ) � V

0

).

� Case u : ( �

0

� � )

+ u

u = u . Also �

0 + u

( �

+ u

u ) = �

0 + u

u = u .

2

Pro of of Theorem 2.9: By de�nition, �

0

� � = �

0

�

� , so w e will sho w that ( �

0

�

� ) U =

�

0

( � U ), for all terms, t yp es, and kinds U . Again, w e will c hange the order of univ ersal

quan ti�ers in the claim, pro ving that for all U , and for V ; V

0

; V

00

, suc h that U 2 �

V

�

, and for

all � 2 �

V

0

V

and �

0

2 �

V

00

V

0

, w e ha v e ( �

0

�

� ) U = �

0

( � U ). The pro of is b y structural induction

on U . Again, w e will only sho w the cases for terms.

� V ariable v : Let V b e suc h that v 2 �

V

�

, and c ho ose V

0

, V

00

, � 2 �

V

0

V

and �

0

2 �

V

00

V

0

.

Then v 2 V , so ( �

0

�

� ) v = ( �

0

�

� ) v = �

0

( � v ) = �

0

( � v ).

� Constan t c : ( �

0

�

� ) c = c , b y De�nition 2.7. Also, �

0

( � c ) = �

0

c = c .
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� Application ( M N ): Let V b e suc h that ( M N ) 2 �

V

�

, and c ho ose V

0

, V

00

, � 2 �

V

0

V

and

� 2 �

V

00

V

0

. Then M 2 �

V

�

and N 2 �

V

�

, so

( �

0

�

� )( M N ) = (( �

0

�

� ) M ) (( �

0

�

� ) N )

= ( �

0

( � M )) ( �

0

( � N )) b y the induction h yp othesis

= �

0

(( � M ) ( � N ) )

= �

0

( � ( M N ))

� Abstraction �u : A : M : Let V b e suc h that ( �u : A : M ) 2 �

V

�

, and c ho ose V

0

, V

00

, � 2 �

V

0

V

and � 2 �

V

00

V

0

. Then

( �

0

�

� )( �u : A : M ) = �u : (( �

0

�

� ) A ) : (( ( �

0

�

� )

+ u

) M )

= �u : (( �

0

�

� ) A ) : ( �

0 + u

�

�

+ u

) M b y the Lemma ab o v e

= �u : �

0

( � A ) : �

0 + u

( �

+ u

M ) b y the induction h yp othesis (see b elo w)

= �

0

( �u : � A : �

+ u

M )

= �

0

( � ( �u : A : M ))

W e ma y use the induction h yp othesis since M 2 �

V

�

V [ f u g , �

+ u

2 �

V

0

[f u g

V [f u g

, and

�

0 + u

2 �

V

00

[f u g

V

0

[f u g

2

No w that w e ha v e pro v ed this close relationship b et w een the t w o kinds of comp osition,

w e will no longer mak e explicit the di�erence b et w een substitutions and their extensions to

op erate on �

V

�

. Th us, w e will use \ � " in place of \ � ", \�

V

0

V

" in place of \ f � j � 2 �

V

0

V

g ",

and \ �

0

�

� " in place of \ �

0

� � ". Moreo v er, w e will generally omit the explicit addition of a

v ariable to the domain of a substitution, c ho osing to write \ � ", in place of �

+ u

, where the u

is clear from the con text.

2.2.2 Notation

Although our notion of substitution is not the standard one, w e will w an t to adopt something

lik e the standard notation for writing do wn substitutions as collections of v ariable/term pairs.

Since man y of the substitutions used in practice are the iden tit y on man y of the v ariables in

their domains, w e w an t a notation that will allo w these v ariables to b e elided.

De�nition 2.13 Given variable sets V and V

0

, variables x

1

; : : : ; x

m

, and terms M

1

; : : : ; M

m

such that f x

1

; : : : ; x

m

g � V , V � f x

1

; : : : ; x

m

g � V

0

, and, for 1 � i � m , F ( M

i

) � V

0

, we

wil l use \ [ M

1

=x

1

; : : : ; M

m

=x

m

]

V

0

V

" to me an the unique substitution � 2 �

V

0

V

such that (a) for

1 � i � m , � x

i

= M

i

, and (b) for e ach v 2 V � f x

1

; : : : ; x

m

g , � v = v .
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�

2.2.3 Comparison to the Standard Notion of Substitutions

T o appreciate the adv an tage of our notion of substitutions o v er the standard one, one m ust

understand something of ho w substitutions and comp osition are used in higher-order (and

equational) uni�cation. Uni�ers are constructed incremen tall y , using free v ariables as place

holders to b e �lled in later via comp osition. F or instance, a uni�er [ g a =x ] migh t b e built

in t w o steps: �rst w e try g y for x where y is a new free v ariable, and then w e try a for y .

Expressed as a comp osition of substitutions this is

[ a =y ]

�

[ g y =x ]

Ho w ev er, the con v en tional meaning giv en to this comp osition is [ a =y ; g a =x ] . After com-

p osition, one has to eliminate or explicitly ignore \temp orary v ariables" lik e y .

By k eeping trac k of the con texts in v olv ed, he temp orary v ariables are eliminated as so on

as they b ecome unnecessary . F or instance,

[ a =y ]

f g

f y g

�

[ g y =x ]

f y g

f x g

=
[ g a =x ]

f g

f x g

T o mak e this approac h to substitutions computationally useful, w e ha v e to sho w ho w in

general to compute a represen tation �

0

�

� from a represen tation of � and �

0

.

Prop osition 2.14 F or substitutions given by

� = [ M

1

=x

1

; : : : ; M

m

=x

m

]

V

0

V

�

0

= [ M

0

1

=x

0

1

; : : : ; M

0

m

0

=x

0

m

0

]

V

00

V

0

L et

�

00

= [ N

1

=y

1

; : : : ; N

n

=y

n

]

V

00

V

wher e the set of p airs f h N

i

; y

i

i j 1 � i � n g is

f h �

0

M

i

; x

i

i j 1 � i � m g [ f h M

0

j

; x

0

j

i j x

0

j

2 V � f x

1

; : : : ; x

m

g g

Then

�

0

�

� = �

00

Pro of : W e sho w ( �

0

�

� ) v = �

00

v for all v 2 V . Consider the p ossible v 2 V :

� If v = x

i

for 1 � i � m , then � v = M

i

, so ( �

0

�

� ) v = �

0

M

i

= �

00

v .

� If v = x

i

2 V � f x

1

; : : : ; x

m

g then � v = v , so ( �

0

�

� ) v = �

0

v = M

i

= �

00

v
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� If v 2 V � f x

1

; : : : ; x

m

; y

1

; : : : ; y

n

g then � v = v and �

0

v = v , so ( �

0

�

� ) v = v = �

00

v .

2

Example 2.15 Given the substitutions

� =
[ g y =x ]

f y ;u;v g

f x;u;v g

�

0

=
[ a =y ; b w =u ]

f v ;w g

f y ;u;v g

Then

�

0

�

� =
[ g a =x ; b w =u ]

f v ;w g

f x;u;v g

2.3 Con v ersion

In this section, w e de�ne the con v ertibilit y relation as used in the de�nitions of t yping and

uni�cation. W e start out with the basic reduction relations:

De�nition 2.16 The � and � r elations for terms and typ es ar e the smal lest r elations satis-

fying

( �v : A : M ) N � [ N =v ] M

�v : A : M v � M if v 62 F ( M )

( �v : A : B ) N � [ N =v ] B

�v : A : B v � B if v 62 F ( B )

Con v en tion 2.17 Given b asic r e duction r elations �

1

; �

2

, we wil l denote their union by

\ �

1

�

2

". F or example, \ � � " is � [ � .

These top lev el relations extend to one-step and m ulti-step subterm reducing relations, and

con v ertibilit y relations:

De�nition 2.18 F or a r elation � on terms and typ es, the r elation !

�

is given by,

U � U

0

U !

�

U

0



18 CHAPTER 2. THE CALCULUS �

�

and then for kinds,

A !

�

A

0

� v : A : K !

�

� v : A

0

: K

K !

�

K

0

� v : A : K !

�

� v : A : K

0

then for typ es,

A !

�

A

0

A M !

�

A

0

M

M !

�

M

0

A M !

�

A M

0

A !

�

A

0

� v : A : B !

�

� v : A

0

: B

B !

�

B

0

� v : A : B !

�

� v : A : B

0

and �nal ly for terms,

A !

�

A

0

�v : A : M !

�

�v : A

0

: M

M !

�

M

0

�v : A : M !

�

�v : A : M

0

M !

�

M

0

M N !

�

M

0

N

N !

�

N

0

M N !

�

M N

0

De�nition 2.19 The r elation !

�

�

is the r e
exive tr ansitive closur e of !

�

, and $

�

�

is the

e quivalenc e closur e of !

�

.

This giv es us our notion of con v ertibilit y:

De�nition 2.20 The c onvertibility r elation =

�

is $

�

� �

.

The follo wing prop erties will b e imp ortan t:

De�nition 2.21 A binary r elation � on terms, typ es, and kinds, is said to b e substitutiv e

i� given any U; U

0

such that U � U

0

, it is the c ase that ( � U ) � ( � U

0

) for any substitution � .
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Prop osition 2.22 The r e duction r elations � and � ar e substitutive.

The pro of for the � rule will use the follo wing fact:

Lemma 2.23 We have � ([ N =v ] M ) = [ � N =v ]( � M ) .

Pro of : Simple induction on the structure of M . 2

Pro of of Prop osition 2.22: W e will treat only � and � at the lev el of terms, since the

argumen ts for relations on the lev el of t yp es is analogous. the Consider � 2 �

V

0

V

. F or � , w e

reason as follo ws: If

^

M �

^

M

0

, then

^

M and

^

M

0

are of the form ( �v : A : M ) N and [ N =v ] M

resp ectiv ely (where v 62 V [ V

0

). Then

�

^

M = � (( �v : A : M ) N )

= ( �v : � A : � M ) ( � N ) b y De�nition 2.7

� [ ( � N ) =v ]( � M )

= � ([ N =v ] M ) b y the lemma

= �

^

M

0

Next, if

^

M �

^

M

0

, then

^

M and

^

M

0

are of the form �v : A : M v and M resp ectiv ely , where

v 62 F ( M ) (and v 62 V [ V

0

). Then

�

^

M = � ( �v : A : M v )

= �v : � A : ( � M ) ( � v )

= �v : � A : ( � M ) v since v 62 V

� � M since v 62 F ( M ) and v 62 V

0

= � (

^

M

0

)

2

Prop osition 2.24 If �

1

and �

2

ar e substitutive, then �

1

�

2

(i.e., �

1

[ �

2

) is substitutive.

Pro of : Let U; U

0

b e suc h that U �

1

�

2

U

0

and let � 2 �

V

0

V

for v ariables sets V and V

0

. Then

either U �

1

U

0

or U �

2

U

0

. Assume the former. By substitutivit y of �

1

, ( � U ) �

1

( � U

0

), and so

( � U ) �

1

�

2

( � U

0

). Similarly , if U �

2

U

0

. 2

Prop osition 2.25 If � is substitutive, then !

�

, !

�

�

, and $

�

�

ar e substitutive.
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�

Pro of : Let U; U

0

b e suc h that U !

�

U

0

and let � 2 �

V

0

V

for v ariable sets V and V

0

. W e

will pro v e that ( � U ) !

�

( � U

0

) b y induction on the deriv ation D of U !

�

U

0

, follo wing

De�nition 2.18:

� If D consists simply of an instance of the �rst rule in De�nition 2.18, then U � U

0

, and

the result is imme diate from substitutivit y of � .

� If D ends in an instance of the second rule, then U = � v : A : K , U

0

= � v : A

0

: K ,

and there is a sub deriv ation of D ending in A !

�

A

0

. By induction, w e ma y assume

� A !

�

� A

0

. Then

� U = � (� v : A : K )

= � v : � A : � K

!

�

� v : � A

0

: � K

= � (� v : A

0

: K )

= � U

0

� The other cases are all quite similar.

Giv en this, substitutivit y of !

�

�

and $

�

�

follo ws b y a simple induction. 2

Corollary 2.26 The c onvertibility r elation =

�

is substitutive.

2.4 T yping

T o de�ne the t yping rules, w e will need devices to declare the t yp es and kinds of constan ts

and the t yp es of v ariables.

De�nition 2.27 A signature is a se quenc e of p airs asso ciating c onstants with typ es or kinds.

We write a signatur e, typic al ly denote d by � , as

h c

1

: A

1

; : : : ; c

n

: A

n

i

(wher e her e the U

i

stand for typ es and kinds). We write \ dom (�) " for the domain f c

1

; : : : ; c

n

g

of � , and \ � � c : U " to me an the r esult of extending the signatur e � by adding c : U to the

end.
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De�nition 2.28 Similarly, a con text is a se quenc e of p airs asso ciating variables with typ es

(but not kinds). We write a c ontext, typic al ly denote d by � , as

[ v

1

: A

1

; : : : ; v

n

: A

n

]

and write \ dom (�) " for its domain, and \ � � v : A " for its extension. Oc c asional ly, we wil l

also use \ ran (�) " for the r ange A

1

; : : : ; A

n

of � .

F ollo wing [30], w e then de�ne �v e judgmen ts:

De�nition 2.29 The �ve b asic typing judgments ar e de�ne d b elow. We r e ad (a) \ ` � sig"

as � is a v alid signature , (b) \ `

�

� c ontext " as � is a v alid con text given � , (c) \ � `

�

K kind" as K is a v alid kind given � and � , (d) \ � `

�

A 2 K " as A has kind K given �

and � , and (e) \ � `

�

M 2 A " as M has t yp e A given � and � . The typing rules b elow ar e

taken fr om [30], and dep end on the notions of substitution and of c onvertibility.

3

Signatures

` h i sig

` � sig [ ] `

�

K kind c 62 dom (�)

` � � c : K sig

` � sig [ ] `

�

A 2 T yp e c 62 dom (�)

` � � c : A sig

Thus valid signatur es assign typ es and kinds to distinct c onstants, and these typ es and kinds

must b e valid in the p art of the signatur e pr e c e ding their use.

Con texts

` � sig

`

�

[ ] c ontext

`

�

� c ontext � `

�

A 2 T yp e v 62 dom (�)

`

�

� � v : A c ontext

Thus valid c ontexts assign typ es (but not kinds) to distinct variables, and these typ es must

b e valid in the curr ent signatur e and the p art of the c ontext pr e c e ding their use. A lso, note

that no c ontext is valid in an invalid signatur e.

3

This dep endence is wh y w e presen ted substitution and con v ersion b efore t yping.
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Kinds

`

�

� c ontext

� `

�

T yp e kind

� `

�

A 2 T yp e � � v : A `

�

K kind

� `

�

� v : A : K kind

Note that no kind is valid in an invalid c ontext.

T yp es

`

�

� c ontext c : K 2 �

� `

�

c 2 K

� `

�

A 2 T yp e � � v : A `

�

B 2 T yp e

� `

�

� v : A : B 2 T yp e

� `

�

A 2 T yp e � � v : A `

�

B 2 K

� `

�

�v : A : B 2 � v : A : K

� `

�

A 2 � v : B : K � `

�

M 2 B

� `

�

A M 2 [ M =v ] K

� `

�

A 2 K � `

�

K

0

kind K =

�

K

0

� `

�

A 2 K

0

Note that ther e is no ambiguity in the �rst rule. If � c ontaine d two di�er ent kind assignments

for c , then � would not b e a valid signatur e, so � would not b e a valid c ontext with r esp e ct

to � . In the last rule, the c ondition \ � `

�

K

0

kind " is ne c essary b e c ause a valid kind c an b e

c onvertible to an invalid one.

T erms

`

�

� c ontext c : A 2 �

� `

�

c 2 A

`

�

� c ontext v : A 2 �

� `

�

v 2 A

� `

�

A 2 T yp e � � v : A `

�

M 2 B

� `

�

�v : A : M 2 � x : A : B

� `

�

M 2 � v : A : B � `

�

N 2 A

� `

�

M N 2 [ N =v ] B

� `

�

M 2 A � `

�

B 2 T yp e A =

�

B

� `

�

M 2 B

A gain, ther e is no ambiguity in the rules for typing c onstants or variables.
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Prop osition 2.30 In any c ontext, every term has at most one typ e, mo dulo c onvertibility.

Mor e pr e cisely, given a c ontext � , term M and typ es A; A

0

, if � `

�

M 2 A and � `

�

M 2 A

0

,

then A =

�

A

0

. Similarly for typ es and their kinds.

Pro of : The reason is that to an y term, only t w o rules migh t apply , one of whic h is the

con v ersion rule. Moreo v er, the other rule, sp eci�c to the giv en form of term assigns at most

one t yp e. F or instance, consider an application M N in a con text �. A t yping deriv ation

for M N m ust end in an instance of the application t yping rule, follo w ed b y zero or more

instances of the con v ersion t yping rule. Let the follo wing b e the instance of the application

t yping rule:

� `

�

M 2 � v : A : B � `

�

N 2 A

� `

�

M N 2 [ N =v ] B

By induction on the structure of the terms b eing t yp ed, w e ma y assume that ev ery t yp e of

M in � is con v ertible to � v : A : B , and ev ery t yp e of B in � is con v ertible to A . Therefore,

ev ery t yping of M N m ust end in this same instance, mo dulo con v ertibilit y , of the application

t yping rule, follo w ed b y some n um b er of t yp e con v ersions, and hence concludes in a t yp e for

M N that is con v ertible with [ N =v ] B . 2

W e will ha v e use of some simple prop erties of this calculus. Man y of these prop erties are

pro v ed in [30 ] for a v ery similar calculus based on � con v ertibilit y .

Prop osition 2.31 (Strengthening) If (a) �

1

� �

2

`

�

M 2 A , (b) v 62 dom (�

1

� �

2

) , and

(c) �

1

`

�

A 2 T yp e , then �

1

� v : A � �

2

`

�

M 2 A . Similarly for typ es and their kinds.

Pro of : Simple induction on the deriv ation of �

1

� �

2

`

�

M 2 A . 2

Prop osition 2.32 (W eak ening) If (a) �

1

� v : A � �

2

`

�

M 2 B , and (b) �

1

`

�

N 2 A ,

then

�

1

� [ N =v ] �

2

`

�

[ N =v ] M 2 [ N =v ] B

Pro of : The pro of is b y induction on the deriv ation D of �

1

� v : A � �

2

`

�

M 2 B , making

use of the deriv ation D

N

of �

1

`

�

N 2 A . The idea is to replace ev ery use of the t yping v : A

in D b y D

N

. As usual, w e only treat the case of terms.
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�

� If D consists of the rule for t yping v ariables, then either M = v , M 2 dom (�

1

), or

M 2 dom (�

2

). If M = v , then [ N =v ] M = N , and B = A . Also v 62 dom (�

1

) and

F ( A ) � dom (�

1

), so [ N =v ] A = A . But w e already kno w that �

1

`

�

N 2 A . If

v 2 dom (�

1

), then [ N =v ] M = M and [ N =v ] B = B (since again, F ( B ) � dom (�

1

)).

Otherwise, for some v ariable u and t yp e C , M = u and u : C 2 �

2

. Then, [ N =v ] M = u ,

and u : [ N =v ] C 2 [ N =v ]�

2

, so the result follo ws.

� If D ends in a constan t t yping then the treatmen t is similar to the ab o v e.

� If D ends in an instance of the application t yping rule, then M is an application

^

M

^

N and B =

[

^

N =v ]

^

B , where D con tains sub deriv ations of (a) �

1

� v : A � �

2

`

�

^

M 2 � v

0

:

^

A :

^

B and �

1

� v : A � �

2

`

�

^

N 2

^

A . By induction, w e ma y assume that

(a) �

1

� [ N =v ]�

2

`

�

[ N =v ]

^

M 2 [ N =v ] (� v

0

:

^

A :

^

B ), and (b) �

1

� �

2

`

�

[ N =v ]

^

N 2

[ N =v ]

^

A . Ho w ev er, [ N =v ](� v

0

:

^

A :

^

B ) = � v

0

: [ N =v ]

^

A : [ N =v ]

^

B , so b y the application

t yping rule, �

1

� [ N =v ]�

2

`

�

([ N =v ]

^

M ) ([ N =v ]

^

N ) 2

[ ([ N =v ]

^

N ) =v

0

]

^

B . Then, since

([ N =v ]

^

M ) ([ N =v ]

^

N ) = [ N =v ] M , and

[ ([ N =v ]

^

N ) =v

0

]

^

B = ([ N =v ]

�

[

^

N =v

0

]

)

^

B =

[ N =v ] B , the result follo ws.

� The abstraction t yping case is similar.

� Finally , assume that D ends in an instance of the con v ersion t yping rule. Then D has

a sub deriv ation of �

1

� v : A � �

2

`

�

M 2 B

0

, where �

1

� v : A � �

2

`

�

B

0

2 T yp e , and

B

0

=

�

B . By the induction h yp othesis then, w e ma y assume that (a) �

1

� [ N =v ]�

2

`

�

[ N =v ] M 2 [ N =v ] B

0

, and (b) �

1

� [ N =v ] �

2

`

�

[ N =v ] B

0

2 T yp e . (The latter holds

b ecause [ N =v ] T yp e = T yp e .) Ho w ev er, since B

0

=

�

B , w e ha v e [ N =v ] B

0

=

�

[ N =v ] B

b y Corollary 2.26, so the result follo ws b y the con v ersion t yping rule.

2

W e will also need a v arian t of w eak ening

Prop osition 2.33 If (a) �

1

� v : A � �

2

`

�

M 2 B , and v 62 F (�

2

) [ F ( M ) [ F ( B ) , then

�

1

� �

2

`

�

M 2 B .

Pro of : Similar to the previous prop osition. W e cannot simply app eal to that prop osition,

ho w ev er, since there migh t not exist a term N suc h that �

1

`

�

N 2 A . 2

Prop osition 2.34 If � `

�

M 2 A then � `

�

A 2 T yp e , and if � `

�

A 2 K then � `

�

K kind.
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Pro of : Simple induction on the deriv ation of � `

�

M 2 A or � `

�

A 2 K , using w eak ening

in cases the deriv ation ends in an instance of the term or t yp e application rule. 2

2.4.1 T yping and Con v ersion

F or �

!

, it is w ell kno wn that !

� �

has the strong normalization (SN) and Ch urc h-Rosser

(CR) prop erties for w ell-t yp ed terms, guaran teeing the existence and uniqueness of normal

forms[63 ]. F or w ell-t yp ed terms in �

�

, SN is fairly simple to sho w [30 , Theorem A.7]. The

CR prop ert y for �

�

with � as w ell as � has, for some time, b een generally b eliev ed to b e

true. This conjecture has only recen tly b een v eri�ed and the pro of is quite complex [68].

The imp ortance of CR, together with the strong normalization prop ert y (SN) is that they

reduce the question of con v ertibilit y (of w ell-t yp ed terms and t yp es) to equiv alence (mo dulo

� -con v ersion) of normal forms. An alternativ e to relying on CR for !

� �

w ould b e to use

just !

�

, for whic h CR has b een sho wn (ev en for ill-t yp ed terms) [30 ]. The algorithm w e

dev elop in Chapter 4 could b e mo di�ed to p erform uni�cation for this calculus b y follo wing

the reasoning b ehind Huet's � uni�cation algorithm for �

!

. Ho w ev er, this do es not seem

w orth while, b ecause the � rule is necessary for language represen tation, on whic h most

applications of in terest dep end.

As another alternativ e to relying on CR, w e could rede�ne con v ertibilit y in terms of a

particular deterministic pro cess of comparing terms. This pro cess is de�ned and discussed

in Section 4.2. Then our uni�cation pro cedure is guaran teed correct with resp ect to this

notion of con v ertibilit y . The CR conjecture (together with SN) implies that this notion is

equiv alen t to the con v en tional notion of con v ertibilit y .

Another imp ortan t prop ert y is the follo wing:

De�nition 2.35 A r elation � on �

�

is said to preserv e t yping i� for any � , M , M

0

, and

A , if � `

�

M 2 A and M � M

0

, then � `

�

M

0

2 A , and similarly for typ es and their kinds.

Prop osition 2.36 (\Subje ct r e duction ") The r e duction r elations � and � pr eserve typing.

W e will �rst need a lemma:

Lemma 2.37 If � `

�

�v : A : M 2 C and C =

�

� v : A

0

: B

0

, then (a) A =

�

A

0

, and (b)

� � v : A `

�

M 2 B

0

. Similarly for typ es and kinds.



26 CHAPTER 2. THE CALCULUS �

�

Pro of : Consider a deriv ation D of � `

�

�v : A : M 2 C , where C =

�

� v : A

0

: B

0

. The only

t w o p ossible �nal rules are the abstraction and t yp e con v ersion ones.

� If D ends in an instance of the con v ersion rule, then it con tains a sub deriv ation of

� `

�

�v : A : M 2 C

0

for some C

0

suc h that � `

�

C

0

2 T yp e , and C

0

=

�

C , so that C

0

=

�

� v : A

0

: B

0

. By deriv ation induction, w e ha v e (a) A =

�

A

0

, and (b) � � v : A `

�

M 2 B

0

,

whic h is what w e are pro ving.

� If D ends in an instance of the abstraction rule, then C itself is of the form � v : A : B , so

part (a) is immedi ate. P art (b) is also immedi ate b ecause D con tains a sub deriv ation

of � � v : A `

�

M 2 B .

2

No w w e can pro v e that � and � preserv e t yping.

Pro of of Prop osition 2.36: W e will b egin with � and will only treat the term cases, since

the t yp e cases are analogous. Assume that there is a deriv ation D of � `

�

( �v : A : M ) N 2 C

for some t yp e C . There are t w o cases to consider:

� Assume D ends in an instance of the con v ersion t yping rule. Then D has sub deriv ations

of (a) � `

�

( �v : A : M ) N 2 C

0

and (b) � `

�

C

0

2 T yp e , where C

0

=

�

C . By deriv ation

induction, w e ma y assume that � `

�

[ N =v ] M 2 C

0

. Ho w ev er, w e can then use the

con v ersion rule again to conclude � `

�

[ N =v ] M 2 C .

� Assume D ends in an instance of the application t yping rule. Then for some A

0

and

B , C has the form [ N =v ] B , and D con tains sub deriv ations of (a) � `

�

�v : A : M 2

� v : A

0

: B , and (b) � `

�

N 2 A

0

. By the lemma ab o v e, w e kno w that A =

�

A

0

, so

� `

�

N 2 A , and � � v : A `

�

M 2 B , so that, b y w eak ening (Prop osition 2.32),

� `

�

[ N =v ] M 2 [ N =v ] B , i.e. , � `

�

[ N =v ] M 2 C .

F or � , there are again t w o cases, this time dep ending on whether the deriv ation D of

� `

�

�v : A : M v 2 C ends in an instance of the con v ersion or abstraction t yping rule.

The reasoning in the con v ersion rule case is exactly as ab o v e. Otherwise, C has the form

� v : A : B and D con tains a sub deriv ation D

M v

of � � v : A `

�

M v 2 B . Recall that w e

w an t to sho w � � v : A `

�

M 2 � v : A : B , from whic h w e will conclude b y Prop osition 2.33

that � `

�

M 2 � v : A : B since v =2 F ( M ) and v 62 F (� v : A : B ). Again there are t w o cases,

dep ending on whether D

M v

ends with an instance of the con v ersion or application t yping

rule. The con v ersion case is handled as usual. Otherwise, there are sub deriv ations of D

M v

of the form (a) � � v : A `

�

M 2 � v

0

: A

0

: B

0

and (b) � � v : A `

�

v 2 A

0

, and w e ha v e
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B = [ v =v

0

] B

0

. Therefore, A =

�

A

0

, and so � � v : A `

�

M 2 � v

0

: A : B

0

. Ho w ev er, � v

0

: A : B

0

is � -equiv alen t to � v : A : B , since B = [ v =v

0

] B

0

, so the result follo ws b y w eak ening. 2

Prop osition 2.38 If the r elations �

1

and �

2

pr eserve typing, then �

1

�

2

(i.e., �

1

[ �

2

) do es.

If � pr eserves typing, then !

�

and !

�

�

do.

Pro of : The �rst claim is imme diate, since M �

1

�

2

M

0

i� M �

1

M

0

or M �

2

M

0

. The second

follo ws b y induction on the deriv ation of M !

�

M

0

and the third follo ws b y induction on

the n um b er of !

�

steps. 2

Ho w ev er, it is not necessarily the case that $

�

�

preserv es t yping.

Example 2.39 Consider a signatur e � c ontaining typ e c onstants i ; o , and a term c onstant

c : i . Then ( �x : o : x ) c !

�

c , and so c $

�

�

( �x : o : x ) c , but ( �x : o : x ) c is il l-typ e d.

On the other hand, w e do ha v e the follo wing:

Prop osition 2.40 Assume that � pr eserves typing, and that !

�

is CR on wel l-typ e d terms,

and let U and U

0

b e wel l-typ e d terms or typ es such that U $

�

�

U

0

. Then U and U

0

have the

same typ e or kind.

4

Pro of : By CR, there is some

^

U suc h that U !

�

�

^

U and U

0

!

�

�

^

U . By Prop osition 2.38

ho w ev er,

^

U has the same t yp e or kind as b oth U and U

0

and therefore U and U

0

ha v e the

same t yp e or kind. 2

2.4.2 W ell-t yp ed Substitutions

In uni�cation o v er a t yp ed calculus, w e are giv en not just the set of v ariables to b e instan-

tiated during uni�cation, but also their t yp es, i.e. , the t yp es of the terms that m ust b e

assigned to these v ariables.

4

More precisely , an y t yp e or kind that U has, U

0

also has. This distinction b ecomes imp ortan t in calculi

lik e that of Chapter 5, whic h do not ha v e unique t yping.
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�

De�nition 2.41 F or c ontexts � and �

0

, the set of w ell-t yp ed substitutions from � to �

0

,

written \ �

�

0

�

", is the set of � 2 �

dom (�

0

)

dom (�)

such that for any variable v and typ e B ,

v : B 2 � ) �

0

`

�

� v 2 � B

(Note that w e do not assume � to b e v alid, but that the v alidit y of �

0

is implied b y this

condition if � is nonempt y , since, b y the t yping rules, no term has a t yp e in an in v alid

con text.)

De�nition 2.42 F or a c ontext � , the set of w ell-t yp ed substitutions o v er � , written \ �

�

",

is the union over al l c ontexts �

0

of �

�

0

�



Chapter 3

An Approac h to Uni�cation

In this c hapter, w e presen t our approac h to uni�cation. Although sev eral details are calculus-

dep enden t, the prop erties used are quite w eak and apply to the calculi in later c hapters as

w ell as other problems, e.g. , equational uni�cation. A related approac h, b y Sn yder and Gal-

lier, for HOU

!

, (uni�cation in the simply t yp ed � -calculus, �

!

), and equational uni�cation,

is presen ted in [70, 69 ], whic h w as itself inspired b y the w ork of Martelli and Mon tanari [41].

Ho w ev er, as discussed b elo w, unlik e these w orks, our approac h mak es the imp ortan t dis-

tinction b et w een t w o kinds of \nondeterminism" presen t in the searc h for uni�ers. This

distinction is necessary to form ulate an algorithm for en umerating c omplete and minimal

sets of solutions (as de�ned in this c hapter).

3.1 The Sp eci�cation

Our form ulation of higher-order uni�cation is a generalization of the usual form ulation,

designed for exp osition of the algorithm.

De�nition 3.1 F or a c ontext � , a disagreemen t pair o v er � is a triple h 	 ; U; U

0

i , wher e U

and U

0

ar e b oth terms or b oth typ es, 	 is a \universal c ontext", typing those variables not to

b e substitute d for, such that dom (�) \ dom (	) = f g , and al l of the variables o c curring in U

and U

0

ar e in dom (�) [ dom (	) .

1

We wil l use the meta-variable P to r ange over disagr e ement

p airs.

1

There is no conceptual di�cult y in allo wing kind disagreemen t pairs as w ell, but it do es not app ear to

b e useful.

29
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The uni�c ation c ontext � and the universal c ontext 	 serv e quite di�eren t purp oses here:

� serv es to en umerate and pro vide t yp es for the v ariables that ma y b e instan tiated during

uni�cation, while 	 en umerates and pro vides t yp es for the v ariables that are not sub ject

to instan tiation. These latter, univ ersal, v ariables arise b ecause at a certain p oin t in eac h

of our algorithms, binding constructs are remo v ed, e.g. , an abstraction term �v : A : M is

replaced b y M . The 	's record the t yp es of these v ariables, whic h w ould otherwise b e lost.

2

In con trast, Huet's presen tation [36] main tains explicit � abstractions, whic h accum ulate

during execution of his algorithm. A p oten tial disadv an tage of our approac h is that with

a traditional represen tation for the calculus that uses v ariable names , w e w ould ha v e to

p erform � -con v ersion, b efore remo ving binding constructs. This disadv an tage is remo v ed b y

adopting de Bruijn's index based represen tation [14 ].

De�nition 3.2 A disagreemen t set o v er � is a �nite multiset of disagr e ement p airs over � .

3

We wil l use the meta-variable D to r ange over disagr e ement sets.

De�nition 3.3 A uni�cation problem is a triple h � ; �

0

; D i c onsisting of a c ontext � , a

substitution �

0

2 �

dom (�)

dom (�

0

)

for some c ontext �

0

, and a disagr e ement set D over � . We wil l

use Q to r ange over uni�c ation pr oblems.

Usually one presen ts uni�cation as taking simply a pair of terms ha ving some free v ariables.

The extra complexit y here is motiv ated b y the transformation-based framew ork dev elop ed

in this c hapter. In practice, one b egins with an initial uni�cation con text, �, the iden tit y

substitution, �

id

�

, o v er �, and a single disagreemen t pair, h [ ] ; M ; M

0

i whose free v ariables are

all con tained in dom (�). Then, in a searc h pro cess describ ed in general terms later in this

c hapter, progress is made incremen tal ly to w ards uni�ers. In this pro cess, substitutions are

p erformed (as in Huet's MA TCH phase), and disagreemen t pairs are decomp osed in to sets

of disagreemen t pairs (as in Huet's SIMPL phase). W e comp ose the individual substitutions

leading to w ard a uni�er and k eep them as the �

0

comp onen t of a uni�cation problem. By

comparison, in [36], the individual substitutions are k ept in the edges of a \matc hing tree".

W e do not wish to emphasize this di�erence, as it seems to b e mostly one of con v enience of

presen tation.

An imp ortan t p oin t here, whic h w e will discuss in detail later, is that w e do not assume

that �

0

is w ell-t yp ed, and th us w e sa y �

0

2 �

dom (�)

dom (�

0

)

rather than �

0

2 �

�

�

0

. Similarly , w e do

not sa y in this de�nition that the disagreemen t pairs in D relate w ell-t yp ed terms or t yp es

of the same t yp e or kind. There is ho w ev er a somewhat w eak er condition whic h w e will

2

In fact, the 	's are used only in the pro ofs and are nev er examined b y the algorithm itself. They could

th us b e remo v ed as an optimization.

3

W e will use con v en tional set-lik e notation for these m ultisets, with the exception of using ] instead of

[ .
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call \acceptabilit y" of a uni�cation problem Q , written \ A ( Q )". This condition is required

and main tained as an in v arian t b y the uni�cation pro cess describ ed in general terms in this

c hapter and sp eci�cally in later c hapters. There w e will also sho w ho w to initially establish

the in v arian t. The meaning of acceptabilit y is not made precise un til De�nition 4.38, since

it in v olv es tec hnical details dev elop ed in Chapter 4. As an appro ximation, the reader ma y

think of acceptabilit y as sa ying that all of the disagreemen t pairs relate w ell-t yp ed terms or

t yp es of the same t yp e or kind.

De�nition 3.4 Given a c ontext � , a substitution � 2 �

�

, and a disagr e ement p air P =

h 	 ; U; U

0

i over � , we say that � uni�es P i� � U =

�

� U

0

. F or a disagr e ement set D over � ,

we say that � uni�es D i� � uni�es every P 2 D .

Giv en a uni�cation problem h � ; �

0

; D i , w e are in terested in the result of comp osing �

0

(represen ting what has already b een learned ab out the original uni�cation problem) with

w ell-t yp ed uni�ers of D .

De�nition 3.5 The set of solutions of a uni�c ation pr oblem h � ; �

0

; D i is

U ( h � ; �

0

; D i ) = f

^

� j 9 � :

^

� =

�

�

�

�

0

^ � 2 �

�

^ � uni�es D g

In gener al, to avoid c onfusion, we wil l use

^

� to r efer to p otential solutions of uni�c ation

pr oblems, and � for p otential unifying substitutions, wher e for a given �

0

,

^

� =

�

�

�

�

0

.

Note that when �

0

is an iden tit y substitution and D is of the form fh [ ] ; M ; M

0

ig , w e ha v e

the usual problem of simply unifying t w o terms (except for the additional w ell-t yp edness

condition on � ). An imp ortan t use of U is

De�nition 3.6 A uni�c ation pr oblem Q has a solution i� U ( Q ) 6= f g .

In the problem of �rst-order uni�cation, it is w ell kno wn that when t w o terms ha v e a

uni�er, they ha v e a most general uni�er (MGU), of whic h all other uni�ers are instances. (In

particular, ev ery MGU is an instance of ev ery other MGU, so in that sense they are unique.)

There are man y e�cien t algorithms to decide whether a �rst-order uni�cation problem has

a uni�er, and if so, to pro duce an MGU. (See [39] for a surv ey .)

With higher-order uni�cation (and equational uni�cation), MGUs no longer exist. Ho w-

ev er, w e can still lo ok for a c omplete set of uni�ers (CSU) , whose instances forms the set of

all uni�ers [20]. One w ould also lik e to ha v e the prop ert y of minimality (non-redundancy),

sa ying that the en umerated uni�ers ha v e no instances in common. Ho w ev er, as sho wn in [34],

ev en for �

!

, it is not generally p ossible to en umerate minimal CSUs.
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Huet's idea of pr e-uni�c ation [34 ] (implicit in [36 ]) solv ed this di�cult y . F or this, w e

need the notion of a uni�cation problem b eing in solve d form . (W e ha v e b orro w ed this

term from [70].) The precise meaning of this prop ert y v aries from one calculus to another

and is motiv ated b y considerations in dev eloping the pre-uni�cation algorithms. The precise

meaning of this prop ert y will b e giv en as De�nition 4.46. F or no w w e need only the follo wing:

Assumption 3.7 The solve d form pr op erty satis�es

1. It is de cidable whether a uni�c ation pr oblem is in solve d form.

2. A uni�c ation pr oblem whose disagr e ement set is empty is in solve d form.

3. Every ac c eptable uni�c ation pr oblem in solve d form has a solution.

F or us, a \pre-uni�er" is not a substitution, but rather a sp ecial kind of uni�cation

problem:

De�nition 3.8 A uni�c ation pr oblem Q

0

is a pre-uni�er of a uni�c ation pr oblem Q i�

U ( Q

0

) � U ( Q ) and Q

0

is in solve d form.

An imp ortan t prop ert y of pre-uni�cation is

Prop osition 3.9 A n ac c eptable uni�c ation pr oblem has a solution i� it has a pr e-uni�er.

Pro of : Let Q = h � ; �

0

; D i b e a uni�cation problem, and assume that Q has a solution

^

� 2 �

�

0

�

0

. Then, b y the substitutivit y prop ert y of con v ertibilit y (Prop osition 2.25), and

part 2 of Assumption 3.7, h �

0

;

^

� ; f gi is a pre-uni�er of Q . Next, assume that Q has a pre-

uni�er Q

0

. Since Q

0

is in solv ed form, it has a solution

^

� b y part 3 of Assumption 3.7, but

U ( Q

0

) � U ( Q ), so

^

� is also a solution of Q . 2

Giv en a uni�cation problem, w e will w an t to compute a represen tativ e subset of its

uni�ers, in the follo wing sense:

De�nition 3.10 L et Q b e a uni�c ation pr oblem and Q b e a set of uni�c ation pr oblems.

Then Q is a minim al complete set of pre-uni�ers ( � CSP) of Q i�

1. Every Q

0

2 Q is ac c eptable.

2. Every Q

0

2 Q is a pr e-uni�er of Q (i.e., it is in solve d form and U ( Q

0

) � U ( Q ) ).

3. Q is c omplete with r esp e ct to Q , i.e., for any solution

^

� of Q , ther e is a Q

0

2 Q such

that

^

� 2 U ( Q

0

) .

4. Q is minimal, i.e., for any two distinct memb ers Q

0

; Q

00

of Q , U ( Q

0

) \ U ( Q

00

) = f g .
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3.2 T ransformations on Uni�cation Problems

The uni�cation algorithms in the follo wing c hapters are presen ted as collections of (nonde-

terministic) transformations on uni�cation problems. This allo ws us, for the most part, to

ignore issues of con trol structure and fo cus on the main ideas. The transformations map

uni�cation problems to sets of uni�cation problems, preserving sets of uni�ers. The goal of

the transformations is to ev en tually construct only pre-uni�ers.

De�nition 3.11 A transformation is a r elation b etwe en uni�c ation pr oblems and �nite sets

of uni�c ation pr oblems.

De�nition 3.12 L et Q b e an ac c eptable uni�c ation pr oblem and Q b e a set of uni�c ation

pr oblems. We say that the tr ansition \ Q 7! Q " is

� acceptable i� every Q

0

2 Q is ac c eptable,

� correct i� U ( Q ) =

S

Q

0

2Q

U ( Q

0

) ,

� minim al i� for any two distinct Q

0

; Q

00

2 Q , U ( Q

0

) \ U ( Q

00

) = f g , and

� v alid i� it is ac c eptable, c orr e ct, and minimal.

De�nition 3.13 A tr ansformation � is acceptable , correct , minim al , or v alid , if for any

ac c eptable uni�c ation pr oblem Q , and set of uni�c ation pr oblems Q such that Q � Q , the

tr ansition Q 7! Q is r esp e ctively ac c eptable, c orr e ct, minimal, or valid.

A simple but useful fact is

Prop osition 3.14 The union of ac c eptable, c orr e ct, minimal, or valid tr ansformations is

r esp e ctively an ac c eptable, c orr e ct, minimal, or valid tr ansformation.

Pro of : T rivial from De�nition 3.13. 2
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3.3 Algorithms from T ransformations

Giv en a collection of transformations, w e will no w describ e a searc h pro cess that op erates

on a set of uni�cation problems and en umerates a set of pre-uni�ers. Informally , the pro cess

go es as follo ws: If there are no uni�cation problems left, stop. Otherwise, c ho ose a uni�cation

problem to w ork on next. If it is in solv ed form, output it as a pre-uni�er. Otherwise, apply

one of the transformations, in some w a y , to replace the uni�cation problem b y a �nite set of

new uni�cation problems. Then con tin ue.

Note that t w o kinds of c hoices are made in this pro cess. First, there is the c hoice of whic h

uni�cation problem to w ork on next, and second, there is the c hoice of whic h transformation

to apply and ho w to apply it. It turns out that the second kind of c hoice ma y b e made

completely arbitrarily , but, in order to ha v e completeness, the �rst kind m ust b e done in a

fair w a y .

4

As p oin ted out in [36], this allo ws for v arious strategies. Huet form ulated this

di�erence b y constructing \matc hing trees", in whic h the no des are disagreemen t sets and

the edges are substitutions, and then sho w ed that all matc hing trees are complete. His

pre-uni�ers are constructed b y comp osing substitutions along edges that form a path from

the original disagreemen t set to one in solv ed form. In our form ulation, these comp osed

substitutions are part of the uni�cation problem.

De�nition 3.15 F or a tr ansformation � and a uni�c ation pr oblem Q , a � searc h tree from

Q is a (p ossibly in�nite) tr e e T of uni�c ation pr oblems such that

� The r o ot of T is Q .

� F or every no de Q

0

in T , the set of childr en of Q

0

in T is either empty if Q

0

is in solve d

form, or is some Q satisfying Q

0

� Q if Q

0

is not in solve d form.

De�nition 3.16 F or a tr ansformation � , we de�ne the r elation �

��

as fol lows: Q �

��

Q i�

ther e is some � se ar ch tr e e fr om Q whose set of solve d form no des is Q .

W e will w an t our com bined transformations to b e su�cien t to �nd an y uni�er, in the follo wing

sense:

De�nition 3.17 A tr ansformation r elation � is complete i� for any ac c eptable uni�c ation

pr oblem Q and any Q such that Q �

��

Q , and any

^

� 2 U ( Q ) , ther e is some Q

0

2 Q such that

^

� 2 U ( Q

0

) .

4

In implemen tatio n terms, this means that w e can use e.g. , breadth-�rst searc h or depth-�rst searc h with

iterativ e deep ening, but not simple depth-�rst searc h.
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W e can then sho w the follo wing

Prop osition 3.18 L et � b e any valid c omplete tr ansformation r elation, Q b e an ac c eptable

uni�c ation pr oblem, and Q b e any set of uni�c ation pr oblems such that Q �

��

Q . Then Q is

a � CSP of Q .

Pro of : The completeness requiremen t (part 3 of De�nition 3.10) is imme diate from De�-

nition 3.17.

5

T o see wh y the other three requiremen ts are satis�ed, let T b e a � searc h tree,

the set of whose solv ed form no des is Q , and let Q

0

2 Q , so that Q

0

lies on some path in

T (of �nite length) from Q . F or eac h paren t and c hild, Q

p

and Q

c

, in T , if A ( Q

p

), then

(a) A ( Q

c

) (b y the acceptabilit y of � ), and (b) w e ha v e U ( Q

c

) � U ( Q

p

) (b y correctness of

� ). Th us, b y induction on path length, (a) U ( Q

0

) � U ( Q ), and (b) A ( Q

0

). But also, Q

0

is

in solv ed form b y de�nition of �

��

, so Q

0

is a pre-uni�er. The remaining condition, mini-

malit y of Q , follo ws from minimali t y of � : Let Q

0

; Q

00

b e distinct mem b ers of Q . Then Q

0

and Q

00

ha v e a common ancestor Q

a

in T that is a descendan t of all of the other common

ancestors of Q

0

; Q

00

. Then there are distinct c hildren Q

0

c

; Q

00

c

of Q

a

, whic h are ancestors of

Q

0

and Q

00

resp ectiv ely . By minimali t y of � , U ( Q

0

c

) \ U ( Q

00

c

) = f g . But U ( Q

0

) � U ( Q

0

c

) and

U ( Q

00

) � U ( Q

00

c

), so U ( Q

0

) \ U ( Q

00

) = f g . 2

The follo wing will b e useful in pro ving completeness.

De�nition 3.19 L et � b e a tr ansformation r elation, and assume that for any substitution

^

� ther e is a wel l founde d or dering \ �

^

�

" such that for any ac c eptable uni�c ation pr oblem Q

with

^

� 2 U ( Q ) , and set of uni�c ation pr oblems Q

0

, with Q � Q

0

, and any Q

0

2 Q

0

, we have

Q �

^

�

Q

0

. Then we say that � is decreasing .

Prop osition 3.20 Every c orr e ct, ac c eptable, de cr e asing tr ansformation r elation is c omplete.

Pro of : Let � b e a correct, acceptable, decreasing transformation relation, and let Q b e an

acceptable uni�cation problem with

^

� 2 U ( Q ), and Q b e suc h that Q �

��

Q . W e will sho w

that there is a Q

^

�

2 Q suc h that

^

� 2 U ( Q

^

�

). Using the de�nition of �

��

, let T b e a � searc h

tree from Q whose set of solv ed form no des is Q . Consider a sequence, �nite or in�nite,

of uni�cation problems Q

i

de�ned as follo ws. Let Q

0

= Q . Then for a giv en Q

i

, if Q

i

is

not in solv ed form, let Q

i +1

b e a c hild of Q

i

in T suc h that

^

� 2 U ( Q

i +1

). (It exists and is

acceptable, b y induction, giv en the correctness and acceptabilit y of � , and is unique if � is

minim al.) Then Q

0

�

^

�

Q

1

�

^

�

� � � , and since �

^

�

is a w ell founded ordering, the sequence is

�nite, ending with some Q

n

. But then Q

n

2 Q and

^

� 2 U ( Q

n

). 2

5

If � w ere not assumed to b e complete, w e could tak e it to b e the trivially v alid transformation that

relates ev ery uni�cation problem Q to the set f Q g .



Chapter 4

A Pre-uni�cation Algorithm

In this c hapter w e dev elop an algorithm for HOU

�

in the framew ork established in Chapter 3,

i.e. , as a collection of transformations on uni�cation problems. The algorithm w e end up

with is quite similar to Huet's algorithm for HOU

!

, and in fact b eha v es almost exactly the

same on the subset of �

�

corresp onding to �

!

. Ho w ev er, there are considerable tec hnical

di�culties in the justi�cation of the algorithm that do not arise in HOU

!

.

W e b egin b y presen ting a useful normal form, the � we ak he ad normal form , and then

use it to reduce con v ertibilit y of terms or t yp es to con v ertibilit y of simpler terms or t yp es.

Next w e p oin t out some of the complications arising in HOU

�

that are not presen t in HOU

!

.

In particular, w e are forced to deal with ill-t yp ed terms. These considerations serv e to mo-

tiv ate the dev elopmen t of our algorithm and, in particular, the de�nition of \acceptabilit y",

an in v arian t main tained b y the transformations, constraining the ill-t yp edness presen t in

uni�cation problems. W e then go on to dev elop a collection of transformations that su�ce

for pre-uni�cation. The next t w o sections pro v e completeness of the set of transformations,

and uni�abilit y of solv ed form uni�cation problems. Finally , w e sho w ho w our algorithm

allo ws for a simple t yp e c hec king/\term inference" algorithm. This problem is not only

useful in its o wn righ t, but also allo ws for p erforming uni�cation on terms that ma y b ecome

w ell-t yp ed only after substitution.

4.1 W eak Head Normal F orms

Con v ertibilit y , as de�ned in Section 2.3 is an undirected notion. Ho w ev er, the CR and SN

prop erties allo w us to replace con v ertibilit y b y reducibilit y to common normal form. In

higher-order uni�cation, w e are considering con v ertibilit y after substitution, and as w e will

see, it is su�cien t to normalize just enough to rev eal the ultimate \top lev el structure" of

the fully normalized term.

36
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The reduction rules � and � will turn out to pla y quite di�eren t roles. Our use of � is

more in the spirit of extensionalit y than reduction.

De�nition 4.1 The ( � ) w eak head reduction r elation \ wh

�

" is a r estriction of !

�

, applying

� only \at the he ad":

U � U

0

U wh

�

U

0

wher e U and U

0

r ange over terms and typ es. Then for typ es,

A wh

�

A

0

A M wh

�

A

0

M

and then for terms,

M wh

�

M

0

M N wh

�

M

0

N

A dditional ly, we de�ne a w eak head redex to b e any term or typ e U such that ther e is some

U

0

for which U wh

�

U

0

.

Example 4.2 The fol lowing we ak he ad r e ductions hold (using the �rst and thir d rules r e-

sp e ctively):

( �x : i : c ( c x )) b wh

�

c ( c b )

(( �x : i : c ( c x )) b ) b wh

�

c ( c b ) b

Note that another w a y of expressing wh

�

w ould b e to sa y

( �v : A :

^

M ) N N

1

� � � N

n

wh

�

([ N =v ]

^

M ) N

1

� � � N

n

( �v : A :

^

B ) N N

1

� � � N

n

wh

�

([ N =v ]

^

B ) N

1

� � � N

n

for n � 0. The form w e ha v e c hosen extends b etter to the calculus of the next c hapter.

Prop osition 4.3 If U wh

�

U

0

then U !

�

U

0

.

Pro of : A simple induction of the deriv ation of U wh

�

U

0

. 2

Corollary 4.4 wh

�

pr eserves typing.

Prop osition 4.5 wh

�

is substitutive.
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Pro of : Again, a simple induction on the deriv ation of U wh

�

U

0

, this time using the substi-

tutivit y of � , and the distributiv e prop erties of substitution with resp ect to application. 2

De�nition 4.6 A term or typ e U is in ( � ) w eak head normal form (WHNF) i� ther e is no

U

0

such that U wh

�

U

0

.

W e no w fo cus on a subset of the WHNF terms and t yp es:

De�nition 4.7 A b o dy is a WHNF term or typ e (not ne c essarily wel l-typ e d) that is not an

abstr action.

Prop osition 4.8 A wel l-typ e d term b o dy (i.e., a b o dy at the level of terms) is either

� a variable,

� a c onstant, or

� M N for a wel l-typ e d b o dy M ,

1

and a wel l-typ e d typ e b o dy is either

� a typ e c onstant,

� � v : A : B , or

� A M for a wel l-typ e d b o dy A that is not a � typ e.

Pro of : F ollo ws easily from De�nitions 4.6 and 4.1. The restriction of w ell-t yp edness insures

that, in A M , A is not a � t yp e. 2

The follo wing will b e con v enien t:

De�nition 4.9 A n atom is a term c onstant or variable.

De�nition 4.10 A n atomic t yp e is one of the form c N

1

� � � N

n

for some c ; n , and N

1

; : : : ; N

n

.

Then the previous prop osition can b e restated to sa y that (a) a w ell-t yp ed term b o dy has

the form a M

1

� � � M

m

for some atom a , and (b) a t yp e b o dy is either a � t yp e or an atomic

t yp e.

1

Of course, N is also w ell-t yp ed, but w e w an t to emphasize that this prop osition applies recursiv ely to

M .
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4.2 Some Useful Prop erties of Con v ertibilit y

The dev elopmen t of our algorithm is divided in to t w o main parts. In this section, w e presen t

the �rst part, whic h consists of rev ealing some useful prop erties of con v ertibilit y (as opp osed

to uni�abilit y). The prop erties will pla y a k ey role in the second part of the dev elopmen t,

whic h forms and justi�es of the transformations that mak e up the pre-uni�cation algorithm..

W e will construct v arious metho ds b y whic h to decomp ose questions of con v ertibilit y of

pairs of terms or t yp es to con v ertibilit y of \simpler" pairs. It will b e con v enien t ev en at

this stage to use disagreemen t pairs, ev en though w e are dealing with con v ersion and not

uni�cation. First, the follo wing de�nitions will b e useful.

De�nition 4.11 Given a substitution � 2 �

V

0

V

and a universal c ontext 	 = [ v

1

: A

1

; : : : ; v

n

: A

n

] ,

by \ � 	 " we me an the c ontext [ v

1

: � A

1

; : : : ; v

n

: � A

n

]

2

. F or simplicity, we assume that f v

1

; : : : ; v

n

g

is disjoint fr om V [ V

0

. Similarly for uni�c ation c ontexts.

De�nition 4.12 F or a c ontext � and a disagr e ement p air P = h 	 ; U; U

0

i over � , the set

of free v ariables of P , written \ F ( P ) ", is

( F ( U ) [ F ( U

0

)) � dom (	)

(This wil l b e a subset of dom (�) .) Similarly, for a disagr e ement set D , \ F ( D ) " is

S

P 2 D

F ( P ) .

De�nition 4.13 F or a disagr e ement p air P = h 	 ; U; U

0

i and a substitution � , by \ � P ",

we me an the disagr e ement p air h � 	 ; � U; � U

0

i . Note that we may have to � -c onvert P (i.e.

r ename some of the variables in 	 and p erform the c orr esp onding r enaming in U and U

0

).

F or a disagr e ement set D , by \ � D ", we me an the multiset f � P j P 2 D g .

De�nition 4.14 Given a uni�c ation c ontext � , we wil l say that a disagr e ement p air h 	 ; U; U

0

i

is w ell-t yp ed o v er � i� U and U

0

have the same typ e or kind (and ar e ther efor e wel l-typ e d)

in the c ontext � � 	 . A disagr e ement set D is w ell-t yp ed i� every disagr e ement p air P 2 D

is wel l-typ e d.

De�nition 4.15 Given a disagr e ement p air P , we wil l write \ eq

�

( P ) ", to me an that P

r elates c onvertible terms or typ es, i.e., P = h 	 ; U; U

0

i , wher e U =

�

U

0

.

2

T o b e more precise, � 	 = [ v

1

: A

1

; v

2

: �

+ v

1

A

2

; : : : ; v

n

: �

+ v

1

��� + v

n � 1

A

n

]
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In our ev en tual use of these prop erties of con v ertibilit y , the pairs of terms or t yp es whose

con v ertibilit y is in question is the result of applying a substitution � to a disagreemen t set P

b eing uni�ed, since, b y de�nition, � uni�es P i� eq

�

( � P ). Although our disagreemen t sets

ma y con tain ill-t yp ed terms, it will turn out that w e will only need to consider substitutions

� that instan tiate a giv en disagreemen t pair to b e w ell-t yp ed. Th us it will su�ce in this

section to consider only w ell-t yp ed disagreemen t pairs (in the sense of De�nition 4.14).

T o sho w that our decomp osition metho ds mak e progress, w e will need a notion of size :

De�nition 4.16 Given a term or typ e U in � normal form, we de�ne the size of U , written

\ size ( U ) ", as fol lows. First for terms,

size ( c ) = 1

size ( v ) = 1

size ( �v : A : M ) = size ( A ) + size ( M ) + 1

size ( M N ) = size ( M ) + size ( N )

Then for typ es,

size ( c ) = 1

size (� v : A : B ) = size ( A ) + size ( B ) + 1

size ( �v : A : B ) = size ( A ) + size ( B ) + 1

size ( A M ) = size ( A ) + size ( M )

Then we extend this notion to al l terms and typ es that ar e wel l-typ e d in some c ontext by

saying that for an arbitr ary wel l-typ e d term or typ e U , size ( U ) = size (

^

U ) , wher e

^

U is the �

normal form of U . (Note that CR and SN of � for wel l-typ e d terms and typ es makes this

wel l-de�n e d.)

We also extend this notion to wel l-typ e d disagr e ement p airs by

size ( h 	 ; U; U

0

i ) = size ( U ) + size ( U

0

)

but not to disagr e ement sets.

W e will also need a measure of ho w far from b eing head-normalized a term or t yp e is:

De�nition 4.17 Given a term or typ e U , wel l-typ e d in some c ontext, we write \ dn ( U ) " to

me an the numb er of we ak he ad � r e ductions r e quir e d to c onvert U to we ak he ad normal form.

Mor e pr e cisely, it is the numb er n such that ther e is a se quenc e U

0

; : : : ; U

n

for which (a)

U

0

= U , (b) U

n

is in � we ak he ad normal form, and (c) U

i

wh

�

U

i +1

for 0 � i < n . (Note

that SN and the determinacy of wh

�

ensur e that dn ( U ) is wel l-de� ne d.) We extend dn to

disagr e ement p airs as with size .
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Our v arious decomp osition metho ds will b e concrete w a ys of satisfying the follo wing

abstract requiremen t (explanation follo ws):

De�nition 4.18 Given a disagr e ement p air P , and a \disagr e ement se quenc e"

^

D = h h P

0

1

; : : : ; P

0

k

i i ,

b oth over a uni�c ation c ontext � , P is decomp osable to

^

D , written \ P <

^

D ", i�

1. eq

�

( P ) i� for 1 � i � k , we have eq

�

( P

0

i

) , and

2. Each P

0

i

is wel l-typ e d (in the sense of De�nition 4.14) relativ e to the c onvertibility of

the pr e c e ding se quenc e of P

0

j

, i.e., for 1 � i � k , P

0

i

is wel l-typ e d if for 1 � j < i ,

eq

�

( P

0

j

) .

3. F or 1 � i � k , either (a) size ( P

0

i

) < size ( P ) , or (b) size ( P

0

i

) = size ( P ) and dn ( P

0

i

) <

dn ( P ) .

4. No new fr e e variables ar e intr o duc e d, i.e., F ( P

0

i

) � F ( P ) , for 1 � i � k .

The �rst part is the fundamen tal prop ert y , stating that the question of con v ertibilit y b efore

decomp osition is equiv alen t to the question of con v ertibilit y after. The second sa ys that,

while w e ma y construct ill-t yp ed disagreemen t pairs (ill-t yp ed terms or t yp es or ev en w ell-

t yp ed terms or t yp es of di�eren t t yp es or kinds), this only happ ens if one or more of the

preceding disagreemen t pairs is not con v ertible. Note that, in particular, if k � 1, it requires

P

0

1

to b e w ell-t yp ed. The third part sa ys that the decomp osition is making a kind of progress.

Giv en an y tree of disagreemen t pairs, where eac h no de is de c omp osable to a sequence of its

c hildren, this part sa ys that the tree can only ha v e �nite paths. Finally , the fourth part is

a tec hnical condition needed for later pro ofs. Note that since P and the P

0

i

are o v er �, the

free v ariables referred to are in dom (�).

It is in teresting to note that the decomp osition metho ds de�ned b elo w form a complete

recursiv e algorithm for deciding whether t w o w ell-t yp ed terms or t yp es are con v ertible. After

decomp osing, w e w ould (recursiv ely) �rst test earlier P

0

i

for con v ertibilit y and, only if they

succeed, then test later ones. Then part 1 guaran tees correctness, part 2 guaran tees that

eac h disagreemen t pair that is tested is w ell-t yp ed, and part 3 guaran tees termination. One

migh t think that w e could do something similar for uni�cation, and th us a v oid dealing with

ill-t yp ed terms or t yp es, but in fact, there will b e other, con
icting, requiremen ts on the

order in whic h disagreemen t pairs are pro cessed.

The follo wing sections dev elop decomp osition metho ds that together apply to all p ossible

forms of w ell-t yp ed terms and t yp es. The cases come from the fact that for a w ell-t yp ed

disagreemen t pair P = h 	 ; U; U

0

i , either

� U or U

0

is a w eak head redex,

� U or U

0

is an abstraction, or

� Both U and U

0

are (w ell-t yp ed) b o dies.
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4.2.1 W eak head redices

Con v ertibilit y of terms or t yp es sub ject to w eak head reduction is handled b y the follo wing

metho d.

De�nition 4.19 The de c omp osition metho d (r elation) ;

wh

is given by

U wh

�

V

h 	 ; U; U

0

i ;

wh

h h h 	 ; V ; U

0

i i i

U

0

wh

�

V

0

h 	 ; U; U

0

i ;

wh

h h h 	 ; U; V

0

i i i

Then w e ha v e

Prop osition 4.20 L et P b e a wel l-typ e d disagr e ement p air and

^

D a disagr e ement se quenc e

such that P ;

wh

^

D . Then P <

^

D .

Pro of : Letting

^

D = h h P

0

i i , note that P and P

0

are of the form h 	 ; U; U

0

i and h 	 ; V ; V

0

i

resp ectiv ely where either (a) U wh

�

V and U

0

= V

0

, or (b) U = V and U

0

wh

�

V

0

. In either

case, b y Prop osition 4.3, U =

�

V and U

0

=

�

V

0

. Therefore, if U =

�

U

0

then b y transitivit y

and re
exivit y of =

�

, V =

�

V

0

. By the same argumen t, if V =

�

V

0

then U =

�

U

0

. The

second requiremen t, w ell-t yp edness of P

0

, follo ws from Corollary 4.4. F or the third require-

men t, w e ha v e size ( P

0

) = size ( P ) and dn ( P

0

) < dn ( P ), b ecause P

0

results from a � w eak

head reduction of U or U

0

. Finally , the fourth condition is satis�ed b ecause reduction do es

not in tro duce new free v ariables. 2

4.2.2 Abstractions

Con v ertibilit y in v olving abstractions is reduced via the follo wing metho d. (Note here the

role of 	.)

De�nition 4.21 The de c omp osition metho d ;

�

is given by

h 	 ; �v : A :

^

M ; �v

0

: A

0

:

^

M

0

i ;

�

h h h 	 � v : A ;

^

M ; [ v =v

0

]

^

M

0

i i i

h 	 ; �v : A :

^

B ; �v

0

: A

0

:

^

B

0

i ;

�

h h h 	 � v : A ;

^

B ; [ v =v

0

]

^

B

0

i i i
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M

0

is a b o dy

h 	 ; �v : A :

^

M ; M

0

i ;

�

h h h 	 � v : A ;

^

M ; M

0

v i i i

M is a b o dy

h 	 ; M ; �v : A :

^

M

0

i ;

�

h h h 	 � v : A ; M v ;

^

M

0

i i i

B

0

is a b o dy

h 	 ; �v : A :

^

B ; B

0

i ;

�

h h h 	 � v : A ;

^

B ; B

0

v i i i

B is a b o dy

h 	 ; B ; �v : A :

^

B

0

i ;

�

h h h 	 � v : A ; B v ;

^

B

0

i i i

Prop osition 4.22 L et P b e a wel l-typ e d disagr e ement p air and

^

D a disagr e ement se quenc e

such that P ;

�

^

D . Then P <

^

D .

(Pro of b elo w.)

Example 4.23 Supp ose P = h [ ] ; �x : i : x; �y : i : y i . Then

P ;

�

h h h [ x : i ] ; x; x i i i

which c an b e hand le d by the next de c omp osition metho d. It is imp ortant to note that in this

rule we do not have to c omp ar e the typ es of the abstr acte d variables. This is pr e cisely b e c ause

wel l-typ e dness of P guar ante es them to b e c onvertible.

Example 4.24 Supp ose P = h [ f : i ! i ] ; �x : i : f x; f i . Then

P ;

�

h h h [ f : i ! i ; x : i ] ; f x; f x i i i

This decomp osition metho d is strongly reminiscen t of the rule of extensionalit y . As w e

will see in the pro of b elo w, the justi�cation for this decomp osition relies on the � rule. In fact

the uni�cation algorithm (as w ell as the con v ertibilit y algorithm implicitl y de�ned b y this

collection of decomp osition metho ds) p erforms no other form of � con v ersion. In con trast,

Huet's algorithm, in the case of � , p erforms � -expansion to put terms in to long normal form

(LNF). Our dev elopmen t sho ws that these expansions are sometimes unnecessary . Another,

more fundamen tal di�cult y with LNF, or ev en long he ad normal form, is that its de�nition

in v olv es considerations of whether certain subterms are of functional t yp e. In HOU

�

, ho w-

ev er, as w e ha v e remark ed, w e will b e forced to deal with terms that are ill-t yp ed, and so
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the concept of long normal form w ould need careful reconsideration. This w as the approac h

w e to ok in [18], using the notion of \appro ximate w ell-t yp edness".

W e can also mak e a comparison to the use of � in the standard metho d for testing

con v ertibilit y of w ell-t yp ed terms, whic h is to completely � and � normalize them, and then

test the result for � -equiv alence. Instead, w e p erform � reductions and some � -expansions.

W e can no w explain wh y w e use we ak head normal forms, as opp osed to the more common

\head normal form", whic h requires some b eta-reductions ev en inside an abstraction [3, page

41]. The reason is simply that w e kno w ho w to decomp ose a disagreemen t pair in v olving an

abstraction, regardless of the reductions that apply inside the abstraction.

Pro of of Prop osition 4.22: W e will treat only t w o of the six cases, since the others are

analogous.

Let P ;

�

^

D b y the �rst rule. Then P = h 	 ; �v : A :

^

M ; �v

0

: A

0

:

^

M

0

i and

^

D = h h P

0

i i , where

P

0

= h 	 � v : A;

^

M ; [ v =v

0

]

^

M

0

i . First assume that eq

�

( P ), i.e. �v : A :

^

M =

�

�v

0

: A

0

:

^

M

0

. Then b y

� -con v ersion, �v : A :

^

M =

�

�v : A

0

: [ v =v

0

]

^

M

0

. Therefore, ( �v : A :

^

M ) v =

�

( �v : A

0

: [ v =v

0

]

^

M

0

) v ,

so, b y � -reduction,

^

M =

�

[ v =v

0

]

^

M

0

, i.e. , eq

�

( P

0

). The con v erse, that eq

�

( P

0

) implies eq

�

( P ),

follo ws from the abstraction rule of De�nition 2.18, and � -con v ersion.

F or the second requiremen t, w e m ust sho w that P

0

is w ell-t yp ed. Since P is w ell-t yp ed,

there m ust b e some B suc h that �v : A :

^

M and �v

0

: A

0

:

^

M

0

b oth ha v e t yp e B in � � 	. But

then B m ust b e con v ertible to � v : A :

^

B for some

^

B suc h that � � 	 � v : A `

�

^

M 2

^

B ,

3

and

B m ust also b e con v ertible to � v

0

: A

0

:

^

B

0

for some

^

B

0

suc h that � � 	 � v

0

: A

0

`

�

^

M

0

2

^

B

0

. By

consideration of normal forms, w e ha v e

^

A =

�

^

A

0

and

^

B =

�

[ v =v

0

]

^

B

0

. Therefore, � � 	 � v :

A `

�

[ v =v

0

]

^

M

0

2

^

B , i.e. , P

0

is w ell-t yp ed.

F or the third requiremen t, w e ha v e

size ( P

0

) = size (

^

M ) + size ([ v =v

0

]

^

M

0

)

= size (

^

M ) + size (

^

M

0

) b y a simple induction

< size ( �v : A :

^

M ) + size ( �v

0

: A

0

:

^

M

0

)

= size ( P )

The fourth condition, that there are no new free v ariables, is imm ediate.

Next, let P ;

�

^

D b y the third rule. Then P = h 	 ; �v : A :

^

M ; M

0

i where M

0

is a b o dy ,

and

^

D = h h P

0

i i , where P

0

= h 	 � v : A ;

^

M ; M

0

v i . First assume that �v : A :

^

M =

�

M

0

. Since

( �v : A :

^

M ) v !

�

^

M , w e then ha v e

^

M =

�

M

0

v , i.e. , eq

�

( P

0

). Next, assume

^

M =

�

M

0

v . Then

�v : A :

^

M =

�

�v : A : M

0

v . Since �v : A :

^

M is w ell-t yp ed in � � 	, w e kno w that v 62 dom (� � 	),

3

This is b ecause an y deriv ation of � `

�

�v : A: M 2 B ends in an instance of the abstraction t yping rule

follo w ed b y zero or more instances of the con v ersion t yping rule.
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and then b ecause M

0

is w ell-t yp ed in � � 	, v 62 F ( M

0

). Th us �v : A : M

0

v !

�

M

0

, so

�v : A :

^

M =

�

M

0

. This sho ws that the �rst requiremen t for < is satis�ed.

F or the second requiremen t, that P

0

is w ell-t yp ed, the reasoning is similar to the �rst

case.

F or the third requiremen t, w e will again sho w that size ( P

0

) < size ( P ).

size ( P

0

) = size (

^

M ) + size ( M

0

v )

= size (

^

M ) + size ( M

0

) + 1 since M

0

is a b o dy

< size ( �v : A :

^

M ) + size ( M

0

) since size ( �v : A :

^

M ) > size (

^

M ) + 1

= size ( P )

The fourth requiremen t is immedi ate. 2

4.2.3 Bo dies

The only remaining case to consider is a disagreemen t pair relating t w o b o dies. W e will use

the follo wing facts:

Prop osition 4.25 If U; U

0

ar e b o dies wel l-typ e d in a c ontext � (though not ne c essarily of

the same typ e or kind), then U =

�

U

0

i� one of the fol lowing holds. First for terms:

� U and U

0

ar e the same atom, or

� U = M N and U

0

= M

0

N

0

, for b o dies M ; M

0

wel l-typ e d in � , such that M =

�

M

0

and

N =

�

N

0

.

and for typ es

� U and U

0

ar e the same typ e c onstant,

� U = A M and U

0

= A

0

M

0

, for b o dies A; A

0

wel l-typ e d in � , such that A =

�

A

0

and

M =

�

M

0

, or

� U = � v : A : B and U

0

= � v : A

0

: B

0

, such that A =

�

A

0

and B =

�

B

0

.
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T o pro v e this prop osition, w e will need the follo wing fact.

4

Lemma 4.26 The � � normal form of a b o dy is a b o dy. In p articular, let U b e a b o dy. Then

for terms,

� U = a , for some atom a , i� the � � normal form of U is a .

� U = M N i� the � � normal form of U is

^

M

^

N , wher e

^

M and

^

N ar e the � � normal

forms of M and N r esp e ctively.

5

and for typ es,

� If U = c , the � � normal form of U is c .

� If U = A M , the � � normal form of U is

^

A

^

M , wher e

^

A and

^

M ar e the � � normal

forms of A and M r esp e ctively.

� If U = � v : A : B , the � � normal form of U is � v :

^

A :

^

B , wher e

^

A and

^

B ar e the � �

normal forms of A and B r esp e ctively.

Pro of : A simple induction on the structure of U . 2

Pro of of Prop osition 4.25: The \if " part is immedi ate. The \only if " part follo ws from

considering the p ossible forms of w ell-t yp ed b o dies, listed in Prop osition 4.8, and their � �

normal forms, describ ed in the lemm a. F or example, if U is M N , then the � � normal form

of U is

^

M

^

N , where

^

M and

^

N are the � � normal forms resp ectiv ely of M and N . Let

^

U

0

b e the � � normal form of U

0

. Since U =

�

U

0

though,

^

U

0

=

^

M

^

N . But then b y the lemm a,

U

0

= M

0

N

0

for some M

0

and N

0

whose � � normal forms are

^

M and

^

N resp ectiv ely , whic h

sa ys that M =

�

M

0

and N =

�

N

0

. 2

This prop osition giv es rise to a decomp osition metho d, almost giving a su�cien t condition

for < . The only problem is the relativ e w ell-t yp edness condition on the new disagreemen t

pairs, as is demonstrated in the follo wing.

Example 4.27 L et our signatur e b e a smal l fr agment of the one given in [30] for enc o ding

�rst-or der lo gic:

h o : T yp e ; i : T yp e ; 8 : ( i ! o ) ! o ; : : o ! o ; > : o i

4

The usefulness of the lemma is based the CR prop ert y . Alternativ ely , w e w ould tak e Prop osition 4.25

as part of the de�nition of con v ertibilit y .

5

More precisely , the \if " direction of this statemen t should b e that if the � � normal form of (the b o dy)

U is

^

M

^

N , then there are terms M ; N with � � normal forms

^

M and

^

N resp ectiv ely suc h that U = M N .
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and c onsider the two terms 8 ( �x : i : > ) and : > , b oth wel l-typ e d b o dies (even of the same typ e).

F r om the pr e c e ding pr op osition, we know that these terms ar e c onvertible i� (a) 8 =

�

: , and

(b) �x : i : > =

�

> . However, it is not the c ase that

h [ ] ; 8 ( �x : i : > ) ; : >i < h h h [ ] ; 8 ; :i ; h [ ] ; �x : i : > ; >i i i

sinc e b oth of these new disagr e ement p airs ar e il l-typ e d (in that they r elate terms of di�er ent

typ es.)

T o a v oid this problem, w e instead use the follo wing more complicated decomp osition

metho d:

De�nition 4.28 The de c omp osition metho d ;

rr

is given as fol lows. First for term b o dies,

6

h 	 ; v ; v i ;

rr

h h i i

h 	 ; c ; c i ;

rr

h h i i

h 	 ; M ; M

0

i ;

rr

^

D

h 	 ; M N ; M

0

N

0

i ;

rr

^

D � h 	 ; N ; N

0

i

and then for typ e b o dies,

h 	 ; c ; c i ;

rr

h h i i

h 	 ; A; A

0

i ;

rr

^

D

h 	 ; A M ; A

0

M

0

i ;

rr

^

D � h 	 ; M ; M

0

i

h 	 ; � v : A : B ; � v

0

: A

0

: B

0

i ;

rr

h h h 	 ; A; A

0

i ; h 	 � v : A ; B ; [ v =v

0

] B

0

i i i

De�nition 4.29 Given a disagr e ement p air P = h 	 ; U; U

0

i , we say that \ top eq( P ) " i�

ther e is a

^

D such that P ;

rr

^

D . F r om the de�nition of ;

rr

, we c an se e that the choic e of

	 is irr elevant. We wil l thus say that two terms or typ es U and U

0

have the same top lev el

structure , written \ U � U

0

", i� top eq( h 	 ; U; U

0

i ) , wher e 	 is an arbitr ary c ontext.

Prop osition 4.30 Given b o dies U and U

0

, U � U

0

i� one of the fol lowing holds: First for

terms,

� U and U

0

ar e the same atoms, or

� U = M N and U

0

= M

0

N

0

for b o dies M ; M

0

and terms N ; N

0

such that M � M

0

;

6

W e use the notation \

^

D � P ", for a disagreemen t sequence

^

D and a disagreemen t pair P , to mean the

disagreemen t sequence that results from adding P on to the end of

^

D .
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and for typ es

� U and U

0

ar e the same c onstant, or

� U = A M and U

0

= A

0

M

0

for b o dies A; A

0

and terms M ; M

0

such that A � A

0

, or

� U and U

0

ar e b oth � typ es.

Pro of : The \if " part is a direct consequence of the de�nition of ;

rr

. The \only if " part

follo ws b y induction on the deriv ation of h 	 ; U; U

0

i ;

rr

^

D . 2

Tw o simple consequences are as follo ws:

Prop osition 4.31 \ � " is an e quivalenc e r elation.

Pro of : Eac h of re
exivit y , transitivit y and symmetry , follo ws b y induction on the structure

of the b o dies in v olv ed, giv en Prop osition 4.30. 2

Prop osition 4.32 L et P b e a wel l-typ e d disagr e ement p air. If eq

�

( P ) then top eq( P ) .

(Henc e, if : top eq( P ) then : EQ

�

( P ) .)

Pro of : By induction on U , using Prop ositions 4.25 and 4.30. 2

Example 4.33 R eturn to the pr evious example, wher e P = h [ ] ; 8 ( �x : i : > ) ; : >i . Then

: top eq( P ) , and inde e d 8 ( �x : i : > ) 6=

�

: > .

Prop osition 4.34 L et P b e a disagr e ement p air r elating wel l-typ e d terms or typ es (though

not ne c essarily of the same typ e or kind), and let

^

D b e such that P ;

rr

^

D . Then P <

^

D .

(Pro of b elo w.)
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Example 4.35 L et P = h [ ] ; q M N ; q M

0

N

0

i b e a wel l-typ e d disagr e ement p air in a signatur e

including

h a : T yp e ; b : a ! T yp e ; c : T yp e ; q : � x : a : ( b x ) ! c i

Note that b oth terms have typ e c . Then

P ;

rr

h h h [ ] ; M ; M

0

i ; h [ ] ; N ; N

0

i i i

By our assumption that P is wel l-typ e d, M and M

0

b oth have typ e a , while N and N

0

have

typ es ( b M ) and ( b M

0

) r esp e ctively. If however, M =

�

M

0

, then these typ es ar e c onvertible.

Pro of of Prop osition 4.34: W e will use induction on the deriv ation D of P ;

rr

^

D .

� If D consists of an instance of one of the �rst t w o rules, then P relates the same v ariable

or constan t, and

^

D = h h i i . Then eq

�

( P ) and so the �rst part of De�nition 4.18 is

trivially satis�ed. The second and third parts are v acuously true. F or the fourth part,

note that F (

^

D ) = f g .

� Next, assume D ends in an instance of the third rule. Then P = h 	 ; M N ; M

0

N

0

i ,

and for some

^

D

0

suc h that

^

D =

^

D

0

� h 	 ; N ; N

0

i , there is a sub deriv ation of D sho wing

that h 	 ; M ; M

0

i ;

rr

^

D

0

. Since M N and M

0

N

0

are w ell-t yp ed in � � 	, M and M

0

are

w ell-t yp ed. Therefore, b y the induction h yp othesis, w e ha v e h 	 ; M ; M

0

i <

^

D

0

. Letting

^

D

0

= h h P

0

1

; : : : ; P

0

k

0

i i , w e ha v e

^

D = h h P

0

1

; : : : ; P

0

k

0

+1

i i , where P

0

k

0

+1

= h 	 ; N ; N

0

i . F or

part 1 of De�nition 4.18, w e reason

eq

�

( P ) , M N =

�

M

0

N

0

, M =

�

M

0

^ N =

�

N

0

b y Prop osition 4.25

, eq

�

( P

0

1

) ^ � � � ^ eq

�

( P

0

k

0

) ^ N =

�

N

0

b y the induction h yp othesis

, eq

�

( P

0

1

) ^ � � � ^ eq

�

( P

0

k

0

+1

) b y de�nition of P

0

k

0

+1

F or part 2, giv en the induction h yp othesis, all that remains to sho w is that if eq

�

( P

0

j

)

for 1 � j � k

0

, then P

0

k

0

+1

, i.e. , h 	 ; N ; N

0

i , is w ell-t yp ed. By the ab o v e, this is the

same as sa ying that if M =

�

M

0

then h 	 ; N ; N

0

i is w ell-t yp ed. Assume M =

�

M

0

.

Since M and M

0

are w ell-t yp ed, and !

� �

is CR for w ell-t yp ed terms, M and M

0

ha v e

the same t yp e, b y Prop osition 2.40. Also, since M N and M

0

N

0

are w ell-t yp ed, M and

M

0

ha v e some t yp e � v : A : B , and N and N

0

ha v e the same t yp e A . Th us h 	 ; N ; N

0

i

is w ell-t yp ed.

F or the third requiremen t of < , w e sho w size ( P

0

i

) < size ( P ), for 1 � i � k

0

, reasoning

as follo ws. F or 1 � i � k

0

,

size ( P

0

j

) < size ( h 	 ; M ; M

0

i ) b y the induction h yp othesis

< size ( P )

and, �nally , size ( P

0

k

0

+1

) = size ( h 	 ; N ; N

0

i ) < size ( P ).

The fourth requiremen t follo ws b y induction and since F ( h 	 ; M ; M

0

i ) � F ( P ) and

F ( h 	 ; N ; N

0

i ) � F ( P ).
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� If D consists of an instance of the fourth rule (in v olving a t yp e constan t), the argumen t

is analogous to the �rst case.

� If D ends in an instance of the �fth rule (in v olving a t yp e application), the argumen t

is analogous to the second case.

� Finally , supp ose that D consists of an instance of the last rule (in v olving � t yp es).

Then P = h 	 ; � v : A : B ; � v

0

: A

0

: B

0

i and

^

D = h h h 	 ; A; A

0

i ; h 	 � v : A ; B ; [ v =v

0

] B

0

i i i .

The �rst part of De�nition 4.18 follo ws imme diately from Prop osition 4.25. F or the

second, since � v : A : B and � v

0

: A

0

: B

0

are w ell-t yp ed in � � 	, A and A

0

are b oth of

kind T yp e in � � 	 and if A =

�

A

0

then B and B

0

ha v e kind T yp e in � � 	 � v : A . The

third and fourth parts are trivial.

2

4.3 F rom Con v ersion to Uni�cation

The previous section dev elop ed a collection of metho ds for decomp osing questions of con-

v ertibilit y of a giv en pair of terms or t yp es in to the question of con v ertibilit y of a �nite

set of pairs of terms or t yp es. In this section, w e prepare for the second main part of our

dev elopmen t, whic h is the construction and justi�cation of the transformations that form

our pre-uni�cation algorithm.

Huet's algorithm for HOU

!

relies on and main tains an imp ortan t in v arian t on the uni�-

cation problems under consideration, namely that their disagreemen t sets are w ell-t yp ed (in

the sense of De�nition 4.14, b eing made up of only disagreemen t pairs relating w ell-t yp ed

terms of the same t yp e). As w e will demonstrate, w e cannot main tain this in v arian t for

HOU

�

, and so w e use a more complicated one. F ortunately , the additional complexit y is not

as m uc h in the �nal algorithm as in its justi�cation.

One of the w a ys in whic h ill-t yp edness can en ter our uni�cation problems is illustrated

in the follo wing:

Example 4.36 Consider again the disagr e ement p air in Example 4.35. As we shal l justify in

Se ction 4.4.4, this disagr e ement p air is uni�e d by any uni�er of f h [ ] ; M ; M

0

i ; h [ ] ; N ; N

0

i g .

However, unless M and M

0

ar e c onvertible (not just uni�able), the disagr e ement p air h [ ] ; N ; N

0

i

is il l-typ e d in the sense that it r elates terms of di�er ent typ es ( b M ) and ( b M

0

) .
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Recall that the same kind of ill-t yp edness arose in the discussion of con v ertibilit y . There

w e w ere able to a v oid comparing ( b M ) and ( b M

0

) un til insuring that they ha v e the same

t yp e (b y �rst �nding that M =

�

M

0

). This suggests a similar treatmen t when p erforming

uni�cation: First unify M and M

0

. If this succeeds with some uni�er � , i.e. , � M =

�

� M

0

,

then con tin ue b y unifying � N and � N

0

. These terms ha v e t yp es � ( b M ) = b ( � M ) and

� ( b M

0

) = b ( � M

0

) resp ectiv ely , but since � M =

�

� M

0

, these t yp es are con v ertible. Th us w e

migh t think w e could a v oid ev er dealing with ill-t yp ed disagreemen t pairs. The fatal 
a w

in this approac h is that it relies on doing full uni�c ation instead of pr e-uni�c ation . T rying

the analogous approac h with pre-uni�cation do es not alw a ys eliminate all of the di�erences

b et w een the t yp es ( b M ) and ( b M

0

).

Another source of ill-t yp edness comes from the fact that, as men tioned follo wing De�ni-

tion 3.3, our algorithm builds up uni�ers incremen tally b y comp osing certain substitutions

and applying them to appropriate disagreemen t sets. These substitutions are the natural ex-

tensions of the imitations and pr oje ctions used in the MA TCH phase of Huet's algorithm. In

that algorithm, certain p oten tial pro jections are ruled out immediatel y , b ecause they w ould

b e of the wrong t yp e. The test for allo w able pro jections consists simply of a comparison of

t yp e constan ts. In HOU

�

, ho w ev er, the situation is m uc h more di�cult, b ecause the t yp es

w e w ould ha v e to compare con tain terms. Since they are therefore sub ject to instan tiation,

determining p ossible t yp e correctness of the substitution requires unifying these t yp es, whic h

is as di�cult as unifying terms. As men tioned ab o v e, in pre-uni�cation, w e cannot simply

p erform a full uni�cation b efore con tin uing.

Our solution to this problem is simply to carry out the p ossibly ill-t yp ed substitution,

and to add a disagreemen t pair relating the t yp es that w ould ha v e to b e uni�ed to mak e

the substitution w ell-t yp ed. Ho w ev er, this raises an issue that requires careful treatmen t:

Applying an ill-t yp ed substitution can result in an ill-t yp ed term, whic h ma y therefore fail

to b e strongly normalizing, or ev en w eakly head normalizing. W e will explain follo wing

De�nition 4.38 of ac c eptability wh y this p ossibilit y do es not jeop ordize completeness.

Another p oten tial problem with allo wing ill-t yp edness in our uni�cation problems is that,

if unrestricted, it w ould destro y the crucial prop ert y that solv ed form uni�cation problems,

as w e shall de�ne them, ha v e solutions (as expressed in Assumption 3.7).

The w a y w e a v oid these p oten tial problems is to carefully restrict the structure of ill-

t yp edness in v olv ed in acceptable uni�cation problems. F or this w e need

De�nition 4.37 Given a uni�c ation pr oblem Q = h � ; �

0

; D i , an accoun ting for Q is a strict

p artial or der (i.e., a tr ansitive, antisymmetric, non r e
exive r elation) \ < ", b etwe en D and

D [ ran (�)

7

, such that (a) for any X 2 D [ ran (�) , and uni�er � 2 �

�

of f P 2 D j P < X g ,

� X is wel l-typ e d, and (b) for any �

1

; v ; A; �

2

such that � = �

1

� v : A � �

2

, and any P 2 D ,

7

T o b e more precise: \ < " do es not relate disagreemen t pairs with disagreemen t pairs and t yp es, but

rather o ccurrences of these.
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if P < A , we have F ( P ) � dom (�

1

) . F or X 2 D [ ran (�) , de�ne \ D

<

X

" to b e the set

f P 2 D j P < X g . We wil l often r efer to D

<

X

as the set of p airs that accoun t for (the

il l-typ e dness of ) X .

De�nition 4.38 A uni�c ation pr oblem Q = h � ; �

0

; D i is acceptable i� the fol lowing c ondi-

tions hold:

1. Ther e is an ac c ounting for Q .

2. �

0

is p ermanent. Se e De�nition 4.39 b elow.

3. � is we akly valid. Se e De�nition 4.43 b elow.

It is imp ortan t to note that our algorithm only main tains the existenc e of accoun tings, but

nev er actually constructs them.

No w w e can informally explain wh y w e do not need to a v oid non-normalizing terms.

More rigorous justi�cation is con tained in the v alidit y and completeness pro ofs of the trans-

formations in Section 4.4. Supp ose a disagreemen t set con tains some disagreemen t pair P ,

con taining a term M that is not strongly normalizing. Then for an y substitution � , � M is

also not strongly normalizing, since b y substitutivit y w e can parallel reduction sequences

from M b y reduction sequences from � M . By the SN prop ert y for w ell-t yp ed terms, w e can

then conclude that � M is ill-t yp ed for all � . Ho w ev er, w e kno w b y acceptabilit y that there

is a subset D

<

P

of D all of whose uni�ers instan tiate P , and therefore M , to b e w ell-t yp ed.

Therefore D

<

P

, and hence D has no uni�er. In summary , if an acceptable uni�cation problem

con tains a non-SN term then it is non uni�able. Completeness, ho w ev er, mak es no claims

ab out uni�cation problems with no solutions. This is one reason w e c ho ose to treat one-step

w eak head reduction as a transformation, rather than taking normalization for gran ted as is

usually done in HOU

!

( e.g. , [36 ] and [70 ]). In [18], w e describ ed an optimization based on

the idea of appr oximate wel l-typ e dness that allo ws us to a v oid ev er constructing terms that

are not strongly normalizing.

Giv en a pair of terms M and M

0

to unify , w e can satisfy the in v arian t initially in either of

t w o w a ys. The �rst is to simply c hec k that M and M

0

are w ell-t yp ed and ha v e the same t yp e.

The second metho d, de�ned in Section 4.7, is m uc h more 
exible, allo wing for disagreemen t

pairs that will b ecome w ell-t yp ed after substitution.

The prop ert y of a substitution b eing p ermanent , men tioned in De�nition 4.38 will b e

used to sho w minim alit y of our transformations (in the sense of De�nition 3.13) and hence

of the sets of pre-uni�ers en umerated b y the algorithm (in the sense of De�nition 3.10). W e

adopted the w ord from the notion of a \p ermanen t o ccurrence" in [48].
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De�nition 4.39 F or c ontexts �

0

and � , a substitution �

0

2 �

dom (�)

dom (�

0

)

is p ermanen t i� for

any substitutions � ; �

0

2 �

�

, we have

�

�

�

0

=

�

�

0

�

�

0

) � =

�

�

0

One trivial example of a p ermanen t substitution is the iden tit y substitution o v er an y

giv en v ariable set.

Example 4.40 Given the signatur e � = h i : T yp e ; c : i ! i ! i i , and the c ontexts �

0

= [ z : i ]

and � = [ x : i ; y : i ] , the substitution �

0

= [ c x y =z ]

�

�

0

is p ermanent. T o se e this, c onsider

any two substitutions � ; �

0

2 �

�

.

�

�

�

0

=

�

�

0

�

�

0

, ( �

�

�

0

) z =

�

( �

0

�

�

0

) z since dom ( �

�

�

0

) = f z g

, � ( �

0

z ) =

�

� ( �

0

z ) b y de�nition of comp osition

, � ( c x y ) =

�

�

0

( c x y )

, c ( � x ) ( � y ) =

�

c ( �

0

x ) ( �

0

y ) b y De�nition 2.7

, � x =

�

�

0

x ^ � y =

�

�

0

y b y Prop osition 4.34

, � =

�

�

0

since dom ( � ) = dom ( �

0

) = f x; y g

Example 4.41 Given the signatur e � = h i : T yp e ; a : i ; b : i i , and the c ontexts �

0

= [ z : i ]

and � = [ f : i ! i ] , the substitution �

0

= [ f x=z ]

�

�

0

is not p ermanent. L et � =

[ ( �v : i : c ) =f ; a =x ]

[ ]

�

and �

0

=

[ ( �v : i : c ) =f ; b =x ]

[ ]

�

. Then �

�

�

0

=

[ c =z ]

[ ]

�

= �

0

�

�

0

, but � 6=

�

�

0

.

Since our �

0

are built up b y comp osition, w e will need

Prop osition 4.42 The c omp osition of p ermanent substitutions is p ermanent

Pro of : F or con texts �

0

; �

1

; �, let �

0

2 �

dom (�

1

)

dom (�

0

)

and �

1

2 �

dom (�)

dom (�

1

)

b e p ermanen t substi-

tutions and � ; �

0

2 �

�

b e suc h that �

�

( �

1

�

�

0

) =

�

�

0

�

( �

1

�

�

0

). Then b y asso ciativit y of

comp osition, ( �

�

�

1

)

�

�

0

=

�

( �

0

�

�

1

)

�

�

0

. But then b y p ermanence of �

0

, �

�

�

1

=

�

�

0

�

�

1

, and

then b y p ermanence of �

1

, � =

�

�

0

. 2

Although w e will not rely on main taining v alid uni�cation con texts (in the sense of

De�nition 2.29), w e will need a w eak er prop ert y in the pro ofs of our transformations:

De�nition 4.43 A c ontext � = [ x

1

: A

1

; : : : ; x

m

: A

m

] is w eakly v alid i� for e ach i with

1 � i � n , we have (a) F ( A

i

) � f x

1

; : : : ; x

i � 1

g , and (b) A

i

is r e ducible to the form

� y

1

: B

1

: � � � � y

k

: B

k

: B

0

, wher e B

0

is an atomic typ e. (F or example, B

0

c annot b e an abstr ac-

tion.)
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4.4 The T ransformations

F or uni�cation, w e will need to distinguish b et w een t w o forms of b o dies.

De�nition 4.44 The head of a b o dy, which is an atom or the symb ol � , is given by, �rst

for terms,

� he ad ( v ) = v ,

� he ad ( c ) = c ,

� he ad ( M N ) = he ad ( M ) ,

and then for typ es

� he ad ( c ) = c ,

� he ad ( A M ) = he ad ( A ) ,

� he ad (� v : A : B ) = � ,

Then w e ha v e

De�nition 4.45 Given a uni�c ation c ontext � and a b o dy U , we say that U is 
exible if

he ad ( U ) 2 dom (�) . Otherwise, U is rigid .

T o kno w the goal of the transformations, w e need to de�ne the solv ed form prop ert y . It

turns out that w e can use exactly the same criterion as in Huet's algorithm for HOU

!

:

De�nition 4.46 A uni�c ation pr oblem is in solv ed form i� its disagr e ement set c ontains

only 
exible-
exible (term) disagr e ement p airs.

Clearly , this de�nition satis�es parts 1 and 2 of Assumption 3.7. W e will pro v e part 3,

uni�abilit y of acceptable solv ed form uni�cation problems, in Section 4.6.

The transformations making up our algorithm come from considering all p ossible forms

of disagreemen t pairs other than 
exible-
exible ones, and is guided b y the prop erties of

con v ertibilit y dev elop ed in Section 4.2. If no transformation applies to a giv en uni�cation

problem, it is in solv ed form.
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4.4.1 Prelimi naries

Some of the transformations ha v e the form of replacing a giv en disagreemen t pair P b y the

mem b ers of a sequence

^

D of disagreemen t pairs. Clearly suc h a transformation w ould b e

correct (in the sense of De�nition 3.13) if the set of uni�ers of P is equal to the set of uni�ers

of

^

D . Ho w ev er, this will turn out to b e to o strong a requiremen t. W e m ust mak e use of

the accoun ting for acceptable uni�cation problems, as the pro of of the follo wing prop osition

sho ws.

8

Prop osition 4.47 L et Q = h � ; �

0

; D ] f P gi b e ac c eptable,

^

D b e such that � P < �

^

D , for

any � 2 �

�

for which � P is wel l-typ e d, and let Q

0

b e h � ; �

0

; D ]

^

D i .

9

Then the tr ansition

Q 7! f Q

0

g is valid (i.e., c orr e ct, ac c eptable, and minimal).

Pro of : Let < b e an accoun ting for Q , and let D

a

= ( D ] f P g )

<

P

. Consider an arbitrary

� 2 �

�

suc h that � P is w ell-t yp ed. T o sho w c orr e ctness (in the sense of De�nition 3.13),

consider t w o cases:

� � do es not unify D

a

: Then, since D

a

� D (b y nonre
exivit y of < ), � do es not unify

D ] f P g . Ho w ev er, for the same reason, suc h a � do es not unify D ]

^

D .

� � uni�es D

a

: Since < is an accoun ting, � P is w ell-t yp ed. But then � P < �

^

D , so b y part

1 of De�nition 4.18 of < , � uni�es P i� � uni�es

^

D . Then expanding the de�nition of

U , w e see

U ( Q ) = f

^

� j 9 � :

^

� =

�

�

�

�

0

^ � 2 �

�

^ � uni�es D ] f P g g

= f

^

� j 9 � :

^

� =

�

�

�

�

0

^ � 2 �

�

^ � uni�es D ]

^

D g

= U ( Q

0

)

Th us, in either case, the transition Q 7! f Q

0

g is correct.

T o see the �rst condition, w e construct an accoun ting for Q

0

: Let

^

D = h h P

0

1

; : : : ; P

0

k

i i .

In the new ordering, the role of P will b e shared b y the P

0

i

, and eac h P

0

i

will b e b elo w later

ones. More precisely , de�ne <

0

b y

�

^

P <

0

X if

^

P 6= P , X 6= P , and

^

P < X ;

�

^

P <

0

P

0

i

for 1 � i � k , if

^

P < P

8

F or a disagreemen t sequence

^

D = h h P

0

1

; : : : ; P

0

k

i i , w e write \ �

^

D " to mean the disagreemen t sequence

h h � P

0

1

; : : : ; � P

0

k

i i .

9

F or a disagreemen t m ultiset D and a disagreemen t sequence

^

D , w e write \ D ]

^

D " to mean the m ultiset

union of D and the (m ultiset of ) mem b ers of

^

D .
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� P

0

i

<

0

X for 1 � i � k , if P < X

� P

0

i

<

0

P

0

j

if 1 � i < j � k

It is straigh tforw ard, though rather tedious to see that <

0

is a strict partial order.

10

T o sho w

that <

0

is an accoun ting for Q

0

, consider �rst an arbitrary X 2 D [ ran (�). There are t w o

cases:

1. P 6< X . Then D

<

0

X

= D

<

X

and therefore since < is an accoun ting for Q , an y uni�er of

D

<

0

X

instan tiates X b e w ell-t yp ed.

2. P < X . Then D

<

0

X

= ( D

<

X

� f P g ) ]

^

D . Let � b e a uni�er of D

<

0

X

. Since P < X ,

D

<

P

� D

<

X

� f P g , so b ecause < is an accoun ting for Q , � P is w ell-t yp ed. Therefore,

b y De�nition 4.18, of < , since � uni�es

^

D , it uni�es P . But w e already knew that �

uni�es D

<

0

X

� D

<

X

� f P g , so it follo ws that � uni�es D

<

X

, so � X is w ell-t yp ed.

Next, consider P

i

for 1 � i � k . W e can see that D

<

0

P

i

= D

<

P

] f P

0

1

; : : : ; P

0

i � 1

g . Let � b e a

uni�er of D

<

0

P

i

. Then � uni�es D

<

P

, and hence � P is w ell-t yp ed. Then the de�nition of < ,

since � also uni�es P

0

1

; : : : ; P

0

i � 1

, it follo ws that � P

i

is w ell-t yp ed.

T o sho w the second requiremen t of <

0

to b e an accoun ting, let � = �

1

� v : A � �

2

, and

assume for some

^

P 2 D ]

^

D that

^

P <

0

A . Then either (a)

^

P 2 D , in whic h case

^

P < A , so

F (

^

P ) � dom (�

1

), b ecause < is an accoun ting for Q , or (b)

^

P = P

0

i

for some i , in whic h case

also P < A , so F ( P

0

i

) � F ( P ) � dom (�

1

).

The second and third conditions for acceptabilit y (De�nition 4.38) are trivially satis�ed,

since neither the uni�cation con text � nor the substitution �

0

c hanges.

Finally , minim alit y is v acuously true. 2

4.4.2 Redices

The idea here is v ery simple | if a mem b er of a disagreemen t pair is a w eak head redex,

p erform a reduction.

Prop osition 4.48 L et � b e a c ontext, P b e a disagr e ement p air over � , and

^

D a disagr e e-

ment set such that P ;

wh

^

D . Then for any � 2 �

�

, � P ;

wh

�

^

D , and in p articular if � P is

wel l-typ e d then � P < �

^

D .

10

Giv en w e really mean relating o c curr enc es of disagreemen t pairs.
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Pro of : F rom De�nition 4.19 of ;

wh

, w e ha v e P = h 	 ; U; U

0

i and

^

D = h h h 	 ; V ; V

0

i i i ,

where either (a) U wh

�

V and U

0

= V

0

, or (b) U = V and U

0

wh

�

V

0

. W e will consider the

�rst case only , as the second is analogous:

� P = h � 	 ; � U; � U

0

i

;

wh

h h h � 	 ; � V ; � V

0

i i i b y Prop osition 4.5 and V = V

0

= � h h h 	 ; V ; V

0

i i i

= �

^

D

The �nal conclusion follo ws from Prop osition 4.20. 2

T ransformation 4.1 A L et Q = h � ; �

0

; D ] f P gi and let

^

D b e such that P ;

wh

^

D . Then

make the tr ansition

11

Q 7! fh � ; �

0

; D ]

^

D ig

Prop osition 4.49 T r ansformation 4.1 is valid.

Pro of : Imme diate from Prop ositions 4.48 and 4.47. 2

4.4.3 Abstractions

The k ey to handling a uni�cation problem that con tains a disagreemen t pair including at

least one top-lev el abstraction is the follo wing:

Prop osition 4.50 L et � b e a c ontext, P b e a disagr e ement p air over � , and

^

D a disagr e e-

ment set such that P ;

�

^

D . Then for any � 2 �

�

, � P ;

�

�

^

D , and in p articular if � P is

wel l-typ e d then � P < �

^

D .

Pro of : F rom De�nition 4.21 of ;

�

, w e can see that there are four cases to consider. W e

will treat just the �rst and third cases, since the others are similar. Let � 2 �

�

0

�

, and as

alw a ys, assume that v ; v

0

62 dom (�) [ dom (�

0

).

11

The in tended in terpretation of this is to de�ne T ransformation 4.1 to b e the transformation relation that

relates Q to fh � ; �

0

; D ]

^

D ig for all Q; � ; �

0

; D ; P , and

^

D suc h that Q = h � ; �

0

; D ] f P gi and P ;

wh

^

D .

Recall from De�nition 3.13 that v alidit y refers only to ac c eptable Q .
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Let P ;

�

^

D b y the �rst rule of De�nition 4.21. Then P = h 	 ; �v : A :

^

M ; �v

0

: A

0

:

^

M

0

i

and

^

D = h h P

0

i i , where P

0

= h 	 � v : A ;

^

M ; [ v =v

0

]

^

M

0

i . Th us

� P = � h 	 ; �v : A :

^

M ; �v

0

: A

0

:

^

M

0

i

= h � 	 ; �v : � A : �

^

M ; �v

0

: � A

0

: �

^

M

0

;

�

h h h � 	 � v : � A ; � M ; [ v =v

0

] ( �

^

M

0

) i i ii

= h h h � (	 � v : A ) ; � M ; � ([ v =v

0

]

^

M

0

) i i i since v ; v

0

62 dom (�) [ dom (�

0

)

= �

^

D

Next, let P ;

�

^

D b y the third rule of De�nition 4.21. Then P = h 	 ; �v : A :

^

M ; M

0

i ,

and

^

D = h h h 	 � v : A ;

^

M ; M

0

v i i i . Th us

� P = � h 	 ; �v : A :

^

M ; M

0

i

= h � 	 ; �v : � A : �

^

M ; � M

0

i

;

�

h h h ( � 	) � v : � A ; �

^

M ; ( � M

0

) v i i i b y De�nition 4.21

= h h h � (	 � v : A ) ; �

^

M ; � ( M

0

v ) i i i since v 62 dom (	)

= � h h h 	 � v : A ;

^

M ; M

0

v i i i

= �

^

D

The �nal conclusion follo ws from Prop osition 4.22. 2

T ransformation 4.2 L et Q = h � ; �

0

; D ] f P gi , and let

^

D b e such that P ;

�

^

D . Then

make the tr ansition

Q 7! fh � ; �

0

; D ]

^

D ig

Prop osition 4.51 T r ansformation 4.2 is valid.

Pro of : Imme diate from Prop ositions 4.47 and 4.50. 2

This case do es not corresp ond directly to an ything in Huet's algorithm. There, � 's simply

accum ulate in the normal form.
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4.4.4 Rigid-rigid

The treatmen t of this case will b e m uc h lik e the previous ones. The k ey is

Prop osition 4.52 L et U b e a rigid b o dy with r esp e ct to � , and let � 2 �

�

. Then � U is a

b o dy and � U � U . (Se e De�nition 4.29.)

Pro of : Simple induction on U , using Prop osition 4.8 and De�nition 2.7. 2

Prop osition 4.53 L et � b e a c ontext and P b e a rigid-rigid disagr e ement p air over � . If

: top eq( P ) , then P is nonuni�able. If P ;

rr

^

D , then for al l � 2 �

�

, � P ;

rr

�

^

D , and in

p articular when � P is wel l-typ e d, we have � P < �

^

D .

Pro of : Supp ose that : top eq( P ), where P = h 	 ; U; U

0

i . If P is uni�able then for some � 2

�

�

, � U =

�

� U

0

, and hence b y Prop osition 4.32, � U � � U

0

. Ho w ev er, from Prop osition 4.52,

� U � U , and � U

0

� U

0

, so b y transitivit y and re
exivit y of � (Prop osition 4.31), U � U

0

,

whic h is a con tradiction. Next assume that P ;

rr

^

D . W e will pro v e b y induction on the

deriv ation D of P ;

rr

^

D that � P ;

rr

�

^

D .

� If D consists solely of an instance of the �rst rule in De�nition 4.28 (in v olving v ariables),

then P = h 	 ; v ; v i and

^

D = h h i i . Since P is rigid-rigid, v 62 dom (�), so � P =

h � 	 ; v ; v i ;

rr

h h i i = �

^

D .

� If D consists solely of an instance of the second rule (in v olving constan ts), the argumen t

is analogous.

� If D ends in an instance of the third rule (in v olving applications) then P = h 	 ; M N ; M

0

N

0

i

and

^

D =

^

D

0

� h 	 ; N ; N

0

i , where there is a sub deriv ation of D ending in h 	 ; M ; M

0

i ;

rr

^

D

0

. By induction, w e ma y assume that � h 	 ; M ; M

0

i = h � 	 ; � M ; � M

0

i ;

rr

�

^

D

0

. But

then

� P = h � 	 ; � ( M N ) ; � ( M

0

N

0

) i

= h � 	 ; ( � M ) ( � N ) ; ( � M

0

) ( � N

0

) i

;

rr

�

^

D

0

� h � 	 ; � N ; � N

0

i b y the induction h yp othesis

= �

^

D

� If D consists of or ends in an instance of the rules for a t yp e constan ts or application,

the argumen t is analogous to the �rst t w o cases.
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� Finally , if D consists of an instance of the last rule (in v olving � t yp es), then P =

h 	 ; � v : A : B ; � v : A

0

: B

0

i and

^

D = h h h 	 ; A; A

0

i ; h 	 � v : A ; B ; B

0

i i i . Th us

� P = h � 	 ; � (� v : A : B ) ; � (� v : A

0

: B

0

) i

= h � 	 ; � v : � A : � B ; � v : � A

0

: � B

0

i

;

rr

h h h � 	 ; � A; � A

0

i ; h ( � 	) � v : � A ; � B ; � B

0

i i i

= � h h h 	 ; A; A

0

i ; h 	 � v : A ; B ; B

0

i i i

= �

^

D

The �nal conclusion follo ws from Prop osition 4.34. 2

T ransformation 4.3 L et Q = h � ; �

0

; D ] f P gi wher e P is rigid-rigid. If : top eq ( P ) then

make the tr ansition

Q 7! f g

Otherwise, let P ;

rr

^

D , and make the tr ansition

Q 7! h � ; �

0

; D ]

^

D i

Prop osition 4.54 T r ansformation 4.3 is valid.

Pro of : Imme diate from Prop ositions 4.47 and 4.53. 2

This case corresp onds to one step of Huet's SIMPL phase.

4.4.5 Flexible-ri gid

In the preceding cases w e either sho w ed non uni�ablit y , or replaced the c hosen disagreemen t

pair b y a �nite collection of other disagreemen t pairs. In this case, the strategy is di�eren t.

Here w e deduce a useful constrain t on the p ossible uni�ers of the c hosen disagreemen t pair,

and hence the whole disagreemen t set. W e then sho w ho w to use this constrain t to instan-

tiate the uni�cation problem in to a �nite collection of alternate uni�cation problems. This

corresp onds to Huet's MA TCH phase. Although w e refer to this case as \
exible-rigid", it

also handles the symmetric rigid-
exible case.
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F or the analysis of this case, assume that our acceptable uni�cation problem Q is h � ; �

0

; D i ,

where D con tains a 
exible-rigid disagreemen t pair P = h 	 ; M ; M

0

i or a rigid-
exible dis-

agreemen t pair P = h 	 ; M

0

; M i .

12

Let the uni�cation v ariable v b e the head of M , and a

0

b e the head of M

0

. Since M

0

is rigid, a

0

is either a constan t, or a v ariable in dom (	). Let

� = �

1

� v : A � �

2

, where b y part three of De�nition 4.38 for acceptabilit y , A is reducible

to the form � x

1

: A

1

: � � � � x

m

: A

m

: A

0

, for an atomic A

0

. T o determine the p ossible structure

(mo dulo =

�

) of � v , w e will need the follo wing fact:

Prop osition 4.55 F or some � ,

^

M , x

1

; : : : ; x

m

, A

1

; : : : ; A

m

, supp ose that

� `

�

^

M 2 � x

1

: A

1

: � � � � x

m

: A

m

: A

0

for an atomic A

0

. Then for some atom b , and terms N

1

; : : : ; N

n

, we have

^

M =

�

�x

1

: A

1

: � � � �x

m

: A

m

: b N

1

� � � N

n

wher e the right hand side is wel l-typ e d in � .

Pro of : By induction on m :

� If m = 0, let M

0

b e the wh

�

normal form of

^

M . Then � `

�

M

0

2 A

0

(b y Prop osi-

tion 4.4). M

0

cannot b e an abstraction, since otherwise A

0

w ould b e con v ertible to a

� t yp e, whic h con tradicts Prop osition 4.25. Th us, since M

0

is in wh

�

normal form, it

has the form b N

1

� � � N

n

.

� Assume m � 1. Without loss of generalit y , assume x

1

62 dom (�), and so x

1

62 F (

^

M ).

By strengthening (Prop osition 2.31), � � x

1

: A

1

`

�

^

M 2 � x

1

: A

1

: � � � � x

m

: A

m

: A

0

. Also,

� � x

1

: A

1

`

�

x

1

2 A

1

. Th us, b y the application t yping rule,

� � x

1

: A

1

`

�

^

M x

1

2 � x

2

: A

2

: � � � � x

m

: A

m

: A

0

and then b y the abstraction t yping rule,

� `

�

�x

1

: A

1

:

^

M x

1

2 � x

1

: A

1

: � � � � x

m

: A

m

: A

0

and �x

1

: A

1

:

^

M x

1

is w ell-t yp ed in �. Also, since

� � x

1

: A

1

`

�

^

M x

1

2 � x

2

: A

2

: � � � � x

m

: A

m

: A

0

w e ma y assume, b y the induction h yp othesis, that

^

M x

1

=

�

�x

2

: A

2

: � � � �x

m

: A

m

: b N

1

� � � N

n

where the righ t hand side is w ell-t yp ed. Th us,

^

M =

�

�x

1

: A

1

:

^

M x

1

=

�

�x

1

: A

1

: � � � �x

m

: A

m

: b N

1

� � � N

n

whic h is w ell-t yp ed.

12

There are no 
exible t yp es, so P m ust relate terms.
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2

No w w e return to the problem of determining the p ossible top lev el structure of � v . Recall

from the de�nition of �

�

0

�

that for � 2 �

�

0

�

, w e ha v e �

0

`

�

� v 2 � (� x

1

: A

1

: � � � � x

m

: A

m

: A

0

),

so that for some t yp es A

0

1

; : : : ; A

0

m

, atom b , and terms N

1

; : : : ; N

n

, � v is con v ertible to a term

of the form

�x

1

: A

0

1

: � � � �x

m

: A

0

m

: b N

1

� � � N

n

for some atom b , b y the Prop osition w e just pro v ed. W e are in terested in the p ossibilities

for b when � is a uni�er.

Prop osition 4.56 L et � b e as ab ove. If � uni�es P then b is either

� a

0

, if a

0

is a c onstant (r ather than a variable in dom (	) ), or

� some x

i

, for 1 � i � m .

Pro of : If b is not one of the x

i

, then the head of an y � normal form of � M is b . Ho w-

ev er, the head of � M

0

is a

0

for an y � , so if � uni�es P , then, b y Prop osition 4.32, b m ust

b e a

0

. The reason that b cannot b e a v ariable in dom (	) is that if b is a v ariable, then

b 2 F ( � v ), i.e. , b 2 dom (�

0

), where � 2 �

�

0

�

, but w e assume that (p ossibly after � -con v ersion),

dom (	) \ ( dom (�) [ dom (�

0

)) = f g . 2

De�nition 4.57 L et H b e this set of p ossible values of b .

Next w e see ho w p ossible v alues of b translate in to \appro ximating substitutions".

De�nition 4.58 L et � ; v ; A; �

1

, etc. b e as ab ove. L et b 2 H and let B b e the typ e of b

ac c or ding to � or [ x

1

: A

1

; : : : ; x

m

: A

m

] , wher e B = � y

1

: B

1

: � � � � y

n

: B

n

: B

0

for an atomic B

0

.

Note that either b : B 2 � , or for some k , b = x

k

, and so B = A

k

. L et

N

b

= �x

1

: A

1

: � � � �x

m

: A

m

: b ( v

1

x

1

� � � x

m

) � � � ( v

n

x

1

� � � x

m

)

wher e the v

j

ar e new variables, i.e., f v

1

; : : : ; v

n

g \ ( dom (�

1

) [ dom (�

2

) [ dom (	)) = f g .

Then de�ne the appro ximating substitution

�

b

=
[ N

b

=v ]

dom (�

1

) [f v

1

;::: ;v

n

g[ dom (�

2

)

dom (�)

F or the typ es of the new variables v

1

; : : : ; v

n

, let

C

j

= � x

1

: A

1

: � � � � x

m

: A

m

: [ ( v

1

x

1

� � � x

m

) =y

1

; : : : ; ( v

j � 1

x

1

� � � x

m

) =y

j � 1

] B

j
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for 1 � j � n . Then we de�ne the new c ontext

�

b

= �

1

� [ v

1

: C

1

; : : : ; v

n

: C

n

] � ( �

b

�

2

)

(The r e ason we have to apply �

b

to �

2

is that the typ es assigne d in �

2

might c ontain the

variable v .)

Final ly, for the typ e of N

b

, let

C

b

= � x

1

: A

1

: � � � � x

m

: A

m

: [ ( v

1

x

1

� � � x

m

) =y

1

; : : : ; ( v

n

x

1

� � � x

m

) =y

n

] B

0

Prop osition 4.59 F or any b 2 H and � 2 �

�

, � v is c onvertible to a term of the form

�x

1

: A

0

1

: � � � �x

m

: A

0

m

: b N

1

� � � N

n

i� ther e is a �

0

such that � =

�

�

0

�

�

b

.

Pro of : Assume � v is as stated. W e need to construct a �

0

suc h that � =

�

�

0

�

�

b

. Let

f ^v

1

; : : : ; ^v

l

g = dom (�

1

) [ dom (�

2

) and � ^v

i

=

^

M

i

, for 1 � i � l . It is easy to c hec k that the

follo wing su�ces for �

0

:

[ ( �x

1

: A

0

1

: � � � �x

m

: A

0

m

: N

1

) =v

1

; : : : ; ( �x

1

: A

0

1

: � � � �x

m

: A

0

m

: N

n

) =v

n

;

^

M

1

= ^v

1

; : : : ;

^

M

l

= ^v

l

]

The rev erse implication follo ws from the fact that the b o dy of N

b

( i.e. , the result of stripping

o� the � 's) is rigid. 2

The follo wing fact will also b e useful:

Lemma 4.60 F or any �

0

and �

0

2 �

�

0

�

b

, if �

0

`

�

�

0

A 2 T yp e , then (a) for 1 � j � n ,

�

0

`

�

�

0

C

j

2 T yp e , and (b) �

0

`

�

�

0

C

b

2 T yp e .

Pro of : Assume �

0

`

�

�

0

A 2 T yp e , and let B b e as in De�nition 4.58. Since B is either

some A

i

or the t yp e of a constan t, w e kno w that

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] `

�

�

0

B 2 T yp e

and, since B = � y

1

: B

1

: � � � � y

n

: B

n

: B

0

, w e ha v e

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] � [ y

1

: �

0

B

1

; : : : ; y

j � 1

: �

0

B

j � 1

] `

�

�

0

B

j

2 T yp e

for 1 � j � n , and also

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] � [ y

1

: �

0

B

1

; : : : ; y

n

: �

0

B

n

] `

�

�

0

B

0

2 T yp e
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The result follo ws, using w eak ening (Prop osition 2.32) n times and the � t yping rule m

times. 2

In order to sho w that the 
exible-rigid transformation mak es progress, w e will need a

notion of height of a term:

13

De�nition 4.61 The heigh t of a wel l-typ e d term M with r esp e ct to a c ontext � , written

\ height

�

( M ) ", is given by

� If M wh

�

M

0

for some M

0

, then height

�

( M ) = height

�

( M

0

) .

� If M = �v : A : M

0

for some v ; A; M

0

, then height

�

( M ) = height

� � v : A

( M

0

) .

� If M is a b o dy and � `

�

M 2 � v : A : B , then height

�

( M ) = height

�

( �v : A : M v ) .

� If M is an atom not of � typ e in � , then height

�

( M ) = 1 .

� If M is an applic ation M

0

N

0

not of � typ e, then height

�

( M ) = max ( height

�

( M

0

) ; 1 +

height

�

( N

0

)) .

(Note that this is wel l-de�ne d for wel l-typ e d terms b e c ause of the SN and determinacy pr op-

erties of wh

�

and unicity of typ es.

14

)

It will b e imp ortan t to note that heigh t is in v arian t under con v ersion.

Prop osition 4.62 Given two terms M and M

0

, wel l-typ e d in a c ontext � , such that M =

�

M

0

, we have height

�

( M ) = height

�

( M

0

) .

Pro of : By induction on the structure of M and M

0

, using the prop erties pro v ed in Sec-

tion 4.2, recalling that either (a) M or M

0

is a w eak head redex, (b) M or M

0

is an abstraction,

and if the other is not then it has � t yp e, or (c) b oth M and M

0

are b o dies. 2

Then to compare substitutions, w e will use a m ultiset ordering based on heigh t:

13

The reason w e cannot simply use size is that w e m ust not tak e in to accoun t the � 's and abstracted

v ariable t yp es.

14

It will b e imp ortan t to note that w e only use here unicit y of t yp es for b o dies.
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De�nition 4.63 Given c ontexts � ; �

0

and two substitutions � ; �

0

2 �

�

0

�

, de�ne � � �

0

i�

ther e is an inte ger h such that

jf v 2 V j height

�

0

( � v ) = h gj > jf v 2 V j height

�

0

( �

0

v ) = h gj

but for e ach k > h ,

jf v 2 V j height

�

0

( � v ) = k gj = jf v 2 V j height

�

0

( �

0

v ) = k gj

Prop osition 4.64 In Pr op osition 4.59, �

0

c an b e chosen such that � � �

0

.

Pro of : The �

0

in that pro of su�ces, since the di�erence b et w een � and �

0

is the re-

placemen t of one substitution term b y a collection of substitution terms with strictly smaller

heigh ts. (Note that height

�

0

( �x

1

: A

0

1

: � � � �x

m

: A

0

m

: b N

1

� � � N

n

) = max

1 � i � n

(1 + height

�

0

( N

i

)) >

height

�

0

( N

j

), for 1 � j � n .) 2

F or minim alit y of the transformation de�ned b elo w, w e will need

Prop osition 4.65 F or e ach b 2 H , �

b

is p ermanent.

Pro of : F or some �

0

, let �

1

; �

2

b e arbitrary substitutions in �

�

0

�

b

suc h that �

1

�

�

b

=

�

�

2

�

�

b

.

W e will sho w that, therefore, �

1

=

�

�

2

, i.e. , for ev ery u 2 dom (�

b

), �

1

u =

�

�

2

u .

� Assume u 2 dom (�

1

) [ dom (�

2

). Then ( �

1

�

�

b

) u = �

1

u , and ( �

2

�

�

b

) u = �

2

u , so

�

1

u = �

2

u .

� Assume u = v

i

where 1 � i � n . Note that for some A

0

1

; : : : ; A

0

m

and A

00

1

; : : : ; A

00

m

, w e

ha v e

( �

1

�

�

b

) v = �

1

N

b

= �x

1

: A

0

1

: � � � �x

m

: A

0

m

: b (( �

1

v

1

) x

1

� � � x

m

) � � � (( �

1

v

n

) x

1

� � � x

m

)

and

( �

2

�

�

b

) v = �

2

N

b

= �x

1

: A

00

1

: � � � �x

m

: A

00

m

: b (( �

2

v

1

) x

1

� � � x

m

) � � � (( �

2

v

n

) x

1

� � � x

m

)

Applying the abstraction and b o dy decomp osition metho ds (De�nitions 4.21 and 4.28), w e

�nd that for 1 � i � n , ( �

1

v

i

) x

1

� � � x

m

=

�

( �

2

v

i

) x

1

� � � x

m

, and th us

�v

1

: A

1

: � � � �v

m

: A

m

: ( �

1

v

i

) x

1

� � � x

m

=

�

�v

1

: A

1

: � � � �v

m

: A

m

: ( �

2

v

i

) x

1

� � � x

m

The result then follo ws from � reduction. 2
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Prop osition 4.66 F or distinct b; b

0

2 H , �

b

and �

b

0

have no c ommon instanc es, i.e., ther e

is no � ; �

0

such that �

�

�

b

=

�

�

0

�

�

b

0

.

Pro of : Assume otherwise, so that for some distinct b; b

0

2 H and substitutions � ; �

0

, w e

ha v e �

�

�

b

=

�

�

0

�

�

b

0

. Then, in particular, ( �

�

�

b

) v =

�

( �

0

�

�

b

0

) v , i.e. , � N

b

=

�

�

0

N

b

0

. Ho w ev er,

N

b

and N

b

0

are b oth rigid b o dies, so b y Prop osition 4.52, � N

b

� N

b

and � N

0

b

0

� N

b

0

, and b y

Prop osition 4.32, � N

b

� �

0

N

b

0

. W e th us ha v e N

b

� N

b

0

, whic h is plainly false since b 6= b

0

. 2

No w w e will see ho w to use this fact to transform our uni�cation problem. The follo wing

steps are mostly sym b ol manipulation, but the p oin t to k eep in mind is that w e are trying

to re-express U ( Q ) as

S

b 2 H

U ( Q

b

) for some f Q

b

j b 2 H g , since b y De�nition 3.12, this

constitutes a c orr e ct transformation.

First, expand the de�nition of U ( Q ) in a somewhat more explicit form:

f

^

� j 9 � :

^

� =

�

�

�

�

0

^ � 2 �

�

^ 8h 	 ; U; U

0

i 2 D : � U =

�

� U

0

g

No w from Prop ositions 4.56 and 4.59, w e kno w that the condition on � implies the additional

condition

9 b 2 H : 9 �

0

: � = �

0

�

�

b

so w e can conjoin this condition without c hanging the meaning of the set expression. Next

p erform some quan ti�er manipulation to get

f

^

� j 9 b 2 H : 9 �

0

: 9 � :

^

� =

�

�

�

�

0

^ � = �

0

�

�

b

^ � 2 �

�

^ 8h 	 ; U; U

0

i 2 D : � U =

�

� U

0

g

Next, eliminate � b y replacing it b y �

0

�

�

b

, and c hange the 9 b in to a set union

[

b 2 H

f

^

� j 9 �

0

:

^

� =

�

( �

0

�

�

b

)

�

�

0

^ ( �

0

�

�

b

) 2 �

�

^ 8h 	 ; U; U

0

i 2 D : ( �

0

�

�

b

) U =

�

( �

0

�

�

b

) U

0

g

No w, in a k ey step, re-asso ciate the comp ositions

[

b 2 H

f

^

� j 9 �

0

:

^

� =

�

�

0

�

( �

b

�

�

0

) ^ ( �

0

�

�

b

) 2 �

�

^ 8h 	 ; U; U

0

i 2 D : �

0

( �

b

U ) =

�

�

0

( �

b

U

0

) g

This is almost in the form w e w an t, i.e. ,

S

b 2 H

U ( Q

b

) for some family f Q

b

j b 2 H g . The

only obstacle is the condition �

0

�

�

b

2 �

�

, where w e need a condition in v olving �

0

2 �

�

b

.

F rom De�nition 2.42 of �

�

, w e kno w that the condition �

0

�

�

b

2 �

�

means that for some

con text �

0

, and all v ariables u 2 dom (�) and t yp es B ,

u : B 2 � ) �

0

`

�

�

0

( �

b

u ) 2 �

0

( �

b

B )

There are three cases of in terest, dep ending on the p osition of u relativ e to v in �:
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� If u 2 dom (�

1

), then �

b

u = u and �

b

B = B (since, b y w eak v alidit y of �, v do es not

o ccur in B ). Therefore the t yp e condition is equiv alen t to �

0

`

�

�

0

u 2 �

0

B .

� If u 2 dom (�

2

), then �

b

u = u , so the t yping condition is equiv alen t to �

0

`

�

�

0

u 2

�

0

( �

b

B ), i.e. , �

0

`

�

�

0

u 2 �

0

^

B , where

^

B is the t yp e assigned to u b y �

b

�

2

.

� If u = v then also B = A and �

b

u = N

b

and �

b

B = B = A . Th us the t yping condition

is equiv alen t to �

0

`

�

�

0

N

b

2 �

0

A .

F or analyzing the latter case, w e will need the follo wing:

Lemma 4.67 Given a c ontext �

0

, a typ e A , and a (p ossibly il l-typ e d) substitution �

0

2

�

dom (�

0

)

dom (�

b

)

, we have �

0

`

�

�

0

N

b

2 �

0

A i� (a) �

0

`

�

�

0

A 2 T yp e , (b) �

0

A =

�

�

0

C

b

, and (c) for

1 � j � n , �

0

`

�

�

0

v

j

2 �

0

C

j

.

Pro of : Using the de�nition of N

b

and prop erties of substitution, w e ha v e

�

0

N

b

= �x

1

: �

0

A

1

: � � � �x

m

: �

0

A

m

: b (( �

0

v

1

) x

1

� � � x

m

) � � � (( �

0

v

n

) x

1

� � � x

m

)

Recall that b is either a constan t or one of the x

i

, so

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] `

�

b 2 �

0

B

where B is as in De�nition 4.58. Therefore, � N

b

is w ell-t yp ed in �

0

i� for 1 � j � n ,

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] `

�

( �

0

v

j

) x

1

� � � x

m

2 [ ( �

0

v

1

) x

1

� � � x

m

=y

1

; : : : ; ( �

0

v

j � 1

) x

1

� � � x

m

=y

j � 1

] ( � B

j

)

By app ealing to the abstraction t yping rule m times, � -reducing, and recalling the de�nition

of the C

j

, w e can see that this is equiv alen t to the conjunction, for 1 � j � n , of

�

0

`

�

�

0

v

j

2 �

0

C

j

Also, if this is the case, then

�

0

`

�

�

0

N

b

2 �

0

C

b

W e can no w sho w the equiv alence stated in the lemm a.

Let A b e an arbitrary t yp e. First assume that �

0

`

�

�

0

N

b

2 �

0

A . Then, since �

0

N

b

is

w ell-t yp ed in �

0

, b y the argumen t ab o v e, w e ha v e �

0

`

�

�

0

v

j

2 �

0

C

j

for 1 � j � n , and

�

0

`

�

�

0

N

b

2 �

0

C

b

. Then b y unicit y of t yp es (Prop osition 2.30), �

0

A =

�

�

0

C

b

. Finally ,

�

0

`

�

�

0

A 2 T yp e b y Prop osition 2.34.

Next, assume that the conditions (a), (b), and (c) hold. By condition (c), w e ha v e

�

0

`

�

�

0

N

b

2 �

0

C

b

, and the result follo ws b y the con v ersion t yping rule, giv en conditions (a)

and (b). 2
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Com bining the �rst t w o cases of in terest ab o v e, with this analysis of the third case, results

in the new condition that (a) �

0

A =

�

�

0

C

b

, and (b) for all v ariables u and t yp es B

u : B 2 �

b

) �

0

`

�

�

0

u 2 �

0

B

This latter condition is just �

0

2 �

�

0

�

b

. Since this applies to an y �

0

, w e conclude that

�

0

�

�

b

2 �

�

, �

0

2 �

�

b

^ �

0

A =

�

�

0

C

b

Returning to our problem of re-expressing U ( Q ), w e no w ha v e

[

b 2 H

f

^

� j 9 �

0

:

^

� =

�

�

0

�

( �

b

�

�

0

) ^ �

0

2 �

�

b

^ ( 8h 	 ; U; U

0

i 2 D :�

0

( �

b

U ) =

�

�

0

( �

b

U

0

)) ^ �

0

A =

�

�

0

C

b

g

whic h can also b e written as

[

b 2 H

f

^

� j 9 �

0

:

^

� =

�

�

0

�

( �

b

�

�

0

) ^ �

0

2 �

�

b

^ �

0

uni�es ( �

b

D ] fh [ ] ; A; C

b

ig ) g

and then collapsing the de�nition of U giv es the equiv alen t form

[

b 2 H

U ( h �

b

; �

b

�

�

0

; �

b

D ] fh [ ] ; A; C

b

igi )

These considerations motiv ate the follo wing de�nition:

De�nition 4.68 F or e ach b 2 H de�ne the uni�c ation pr oblem

Q

b

= h �

b

; �

b

�

�

0

; �

b

D ] fh [ ] ; A; C

b

igi

T ransformation 4.4 L et Q , H , and f Q

b

j b 2 H g b e as ab ove. Then make the tr ansition

Q 7! f Q

b

j b 2 H g

Prop osition 4.69 T r ansformation 4.4 is valid.

Pro of : Corr e ctness (in the sense of De�nition 3.13) follo ws from the reasoning ab o v e.

T o pro v e acceptabilit y , w e m ust �rst sho w ho w to construct new accoun tings out of an

old one. Let < b e an accoun ting for Q . F or eac h b 2 H , de�ne <

b

fr

b y

15

15

Recall that � = �

1

� v : A � �

2

, and �

b

= �

1

� [ v

1

: C

1

; : : : ; v

n

: C

n

] � ( �

b

�

2

).
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� �

b

P <

b

fr

�

b

X if P < X and X 2 D [ ran (�

2

);

� �

b

P <

b

fr

B if P < B and B 2 ran (�

1

), in whic h case, F ( P ) � dom (�

1

), so �

b

P = P ;

� �

b

P <

b

fr

C

i

for 1 � i � n if P < A , in whic h case, �

b

P = P ;

� �

b

P <

b

fr

h [ ] ; A; C

b

i if P < A , in whic h case, �

b

P = P ;

� h [ ] ; A; C

b

i <

b

fr

�

b

P if P 6< A ; and

� h [ ] ; A; C

b

i <

b

fr

�

b

B for B 2 ran (�

2

).

It is straigh tforw ard to c hec k that <

b

fr

is a strict partial order.

T o sho w that <

b

fr

is an accoun ting, consider an arbitrary X 2 �

b

D ] fh [ ] ; A; C

b

ig ] ran (�

b

).

F or the �rst part of De�nition 4.37 of an accoun ting, w e will need to sho w that for an y uni�er

�

0

2 �

�

b

of D

<

b

fr

X

, �

0

X is w ell-t yp ed. There are four cases:

� X = �

b

P for some P 2 D suc h that P < A . Then F ( P ) � dom (�

1

) (b y De�ni-

tion 4.37), so X = �

b

P = P , and D

<

b

fr

X

= �

b

D

<

P

= D

<

P

. (By transitivit y , P

0

< P )

P

0

< A , so F ( P

0

) � dom (�

1

).) The result then follo ws, since < is an accoun ting.

� X = �

b

P for some P 2 D suc h that P 6< A . Then D

<

b

fr

X

= �

b

D

<

P

] fh [ ] ; A; C

b

ig . Let

�

0

2 �

�

b

b e a uni�er of D

<

b

fr

X

. Then �

0

�

�

b

uni�es D

<

P

, and, since �

0

A =

�

�

0

C

b

, from the

conclusion follo wing Lemma 4.67, �

0

�

�

b

2 �

�

. Therefore, since < is an accoun ting,

( �

0

�

�

b

) P is w ell-t yp ed. But ( �

0

�

�

b

) P = �

0

( �

b

P ) = �

0

X , so the result follo ws.

� X = h [ ] ; A; C

b

i or X = C

i

for 1 � i � m . Then D

<

b

fr

X

= �

b

D

<

A

= D

<

A

, since

F ( D

<

A

) � dom (�

1

) b y De�nition 4.37. The result then follo ws from Lemma 4.60.

� X = B 2 ran (�

1

). Then, D

<

b

fr

X

= � D

<

X

= D

<

X

, so the result follo ws as in the �rst case.

� X = �

b

B , for B 2 ran (�

2

). Then D

<

b

fr

X

= �

b

D

<

B

] fh [ ] ; A; C

b

ig . The reasoning is the

same as in the second case.

The p ermanence condition of De�nition 4.38 follo ws from p ermanence of the �

b

(Prop o-

sition 4.65) and the closure of p ermanence under comp osition (Prop osition 4.42).

The third condition of acceptabilit y , i.e. , w eak v alidit y of �

b

, follo ws easily from w eak

v alidit y of �, with the additional considerations that (a) F ( C

i

) � dom (�

1

) [ f v

1

; : : : ; v

i � 1

g ,

and (b) letting �

2

=

[ u

1

:

^

B

1

; : : : ; u

k

:

^

B

k

]

, w e ha v e F ( �

^

B

i

) � dom (�

1

) [ f v

1

; : : : ; v

n

g [

f u

1

; : : : ; u

i � 1

g .
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W e will sho w minim alit y b y con tradiction: Assume that for some distinct b; b

0

2 H , there

is some uni�er

^

� 2 U ( Q

b

) \ U ( Q

b

0

). Then there are �

0

and �

00

suc h that �

0

�

( �

b

�

�

0

) =

�

^

� =

�

�

00

�

( �

b

0
�

�

0

), i.e. , ( �

0

�

�

b

)

�

�

0

=

�

( �

00

�

�

b

0
)

�

�

0

. But since �

0

is p ermanen t, �

0

�

�

b

=

�

�

00

�

�

b

0
.

Ho w ev er, �

b

and �

b

0

ha v e no common instances, so this is a con tradiction. 2

Example 4.70 Consider the uni�c ation pr oblem Q = h � ; �

id

�

; fh [ ] ; f > ; triv >igi in the

signatur e

h o : T yp e ; ` : o ! T yp e ; > : o ; � : o ! o ! o ; triv : � p : o : ` ( � p p ) i

wher e the uni�c ation c ontext � is

[ f : � p : o : ` ( � p > ) ]

In �

!

, a uni�c ation pr oblem like this (r eplacing the typ es by simple typ es) would have two

solutions, with p ossible instantiations for f b eing �z : o : triv > and �z : o : triv z . However,

neither of these terms has the typ e r e quir e d by � . Our tr ansformations c orr e ctly fail to

�nd a solution. We c an apply the 
exible-rigid tr ansformation (4.4). T rying the pr oje ction

substitution �

p

= [ �p : o : p=f ] yields

h [ ] ; �

p

; f h [ ] ; > ; triv >i ; h [ ] ; � p : o : ` ( � p > ) ; � p : o : o i gi

for which applic ations of the rigid-rigid tr ansformation (4.3) eventual l y indic ate failur e (i.e.,

make a tr ansition to f g ). T rying inste ad the imitation substitution �

triv

= [ �p : o : triv ( f

1

p ) =f ]

yields h [ f

1

: o ! o ] ; �

triv

; D

1

i , wher e D

1

is

f h [ ] ; triv ( f

1

> ) ; triv >i ; h [ ] ; � p : o : ` ( � p > ) ; � p : o : ` ( � ( f

1

p ) ( f

1

p )) i g

F our applic ations of the rigid-rigid tr ansformation (4.3) le ad to the the disagr e ement set

f h [ ] ; f

1

> ; >i ; h [ p : o ] ; p; f

1

p i ; h [ p : o ] ; > ; f

1

p i g

This wil l le ad to failur e, sinc e f

1

is c onstr aine d by the se c ond disagr e ement p air to b e �p : o : p

and by the thir d disagr e ement p air to b e �p : o : > .

4.5 Completeness

In this section w e sho w that the transformations dev elop ed in the previous section together

form a complete transformation relation in the sense of De�nition 3.17, and hence yield

a complete pre-uni�cation algorithm. The main ideas in our completeness argumen t are

essen tially the same as Huet's.



4.5. COMPLETENESS 71

De�nition 4.71 L et the tr ansformation r elation �

�

b e the union of T r ansformations 4.1

thr ough 4.4.

Prop osition 4.72 �

�

is valid (c orr e ct, minimal and ac c eptable).

Pro of : Imme diate from v alidit y of the transformations, using Prop osition 3.14. 2

More substan tial is

Prop osition 4.73 �

�

is c omplete.

Pro of : W e will use Prop osition 3.20. Giv en a substitution

^

� , de�ne the ordering �

^

�

as

follo ws. Let Q = h � ; �

0

; D i and Q

0

= h �

0

; �

0

0

; D

0

i b e t w o uni�cation problems ha ving

^

� as

a solution, and let � and �

0

b e suc h that

^

� =

�

�

�

�

0

and

^

� =

�

�

0

�

�

0

0

. (These are uniquely

determined up to con v ertibilit y b ecause of the p ermanence of �

0

and �

0

0

.) Then Q �

^

�

Q

0

i� either (a) � � �

0

, or (b) � = �

0

and � D >

size

� D

0

, where >

size

is the m ultiset ordering

of disagreemen t sets based on size.

16

Then �

^

�

is clearly a w ell founded ordering (b eing the

lexicographic com bination of t w o w ell-founded orderings).

No w, let Q = h � ; �

0

; D i and Q

0

= h �

0

; �

0

0

; D

0

i b e suc h that for some Q

0

, w e ha v e Q �

�

Q

0

and Q

0

2 Q

0

, th us satisfying the conditions of Prop osition 3.20. W e will sho w that Q �

^

�

Q

0

,

from whic h it follo ws that � is decreasing. Let � and �

0

b e substitutions suc h that

^

� =

�

�

�

�

0

and

^

� =

�

�

0

�

�

0

0

. (Again, these are unique up to con v ertibilit y .) There are t w o cases,

dep ending on whic h of our transformations w as used in making the transition from Q to Q

0

:

� Other than the 
exible-rigid transformation. Then for some D

1

; P and

^

D , D = D

1

]

f P g , �

0

= �, �

0

0

= �

0

, and D

0

= D

1

]

^

D , where � P < �

^

D . Th us � =

�

�

0

. Also, � D

0

results from � D b y replacing the disagreemen t pair � P b y the disagreemen t pairs �

^

D

of strictly smaller size, and th us � D >

size

� D

0

.

� The 
exible-rigid transformation. Then, b y Prop osition 4.59, there is a �

b

, suc h that

�

0

0

=

�

�

b

�

�

0

, � =

�

�

0

�

�

b

, and � � �

0

.

2

16

The ordering �

^

�

is only w ell-de�ned b ecause the orderings � and >

size

are in v arian t under con v ersion.

(See Prop osition 4.62 and De�nition 4.16.)
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4.6 Uni�abilit y of Solv ed F orm Uni�cation Problems

The v alue of pre-uni�cation in �

!

is that solv ed form disagreemen t sets (ones con taining only


exible-
exible pairs) are alw a ys uni�able, and so pre-uni�abilit y implies uni�abilit y [36]. By

making vital use of the accoun ting in the de�nition of ac c eptability , w e can generalize Huet's

constructiv e pro of of this fact to acceptable solv ed form uni�cation problems in �

�

. F or the

simply t yp ed subset of �

�

, the uni�er that w e construct sp ecializes to Huet's.

17

De�nition 4.74 F or a we akly valid c ontext � , the canonical uni�er �

C

�

over � is the substi-

tution assigning to e ach variable

v : � x

1

: A

1

: � � � � x

m

: A

m

: c N

1

� � � N

n

in � , the term

�x

1

: A

1

: � � � �x

m

: A

m

: h

c

N

1

� � � N

n

wher e the kind assigne d to the c onstant c is � y

1

: B

1

: � � � � y

n

: B

n

: T yp e , and h

c

is a variable

of typ e

� y

1

: B

1

: � � � � y

n

: B

n

: c y

1

� � � y

n

(Note that in the simply t yp ed subset of �

�

, n = 0.)

Prop osition 4.75 If Q is a ac c eptable uni�c ation pr oblem in solve d form with uni�c ation

c ontext � , then �

C

�

2 U ( Q ) .

Pro of : Let < b e an accoun ting for Q . Since disagreemen t sets are �nite, < is a w ell

founded ordering, and th us w e will giv e an inductiv e argumen t. Let P = h 	 ; M ; M

0

i b e an

arbitrary mem b er or our disagreemen t set. (There are no 
exible-
exible t yp e disagreemen t

pairs.) W e w an t to sho w that �

C

�

uni�es P . By induction, w e ma y assume that �

C

�

uni�es

D

<

P

, and so �

C

�

P is w ell-t yp ed. Let

M = v M

1

� � � M

m

M

0

= v

0

M

0

1

� � � M

0

m

0

where v and v

0

are v ariables in dom (�) with t yp es

v : � x

1

: A

1

: � � � � x

m

: A

m

: � w

1

: C

1

: � � � � w

l

: C

l

: c N

1

� � � N

n

v

0

: � x

0

1

: A

0

1

: � � � � x

0

m

0

: A

0

m

0

: � w

0

1

: C

0

1

: � � � � w

0

l

: C

0

l

: c N

0

1

� � � N

0

n

17

There is another notion of uni�abilit y , sometimes called \closed" (as opp osed to \op en") uni�abilit y ,

whic h requires the unifying substitutions to con tain only closed substitution terms ( i.e. , ones with no free

v ariables). In our terminology , this w ould require a uni�er � 2 �

[ ]

�

. This problem is discussed for �

!

in [48 ], but is m uc h more di�cult in �

�

, b ecause determining the existence of closed terms of a giv en t yp e

is equiv alen t to general theorem pro ving [30 ].
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for

c : � y

1

: B

1

: � � � � y

n

: B

n

: T yp e

The reason that the t yp es of b oth v and v

0

m ust in v olv e the same t yp e constan t c , is that

�

C

�

M and �

C

�

M

0

ha v e the same t yp e. T o express these t w o instan tiated terms, for 1 � j � n ,

let

^

N

j

= [ ( �

C

�

M

1

) =x

1

; : : : ; ( �

C

�

M

m

) =x

m

] N

j

^

N

0

j

= [ ( �

C

�

M

0

1

) =x

1

; : : : ; ( �

C

�

M

0

m

0

) =x

m

0

] N

0

j

and, for 1 � i � l , let

^

C

i

= [ ( �

C

�

M

1

) =x

1

; : : : ; ( �

C

�

M

l

) =x

l

] C

i

^

C

0

i

= [ ( �

C

�

M

0

1

) =x

0

1

; : : : ; ( �

C

�

M

0

l

) =x

0

l

] C

0

i

Then w e ha v e

�

C

�

M = �w

1

:

^

C

1

: � � � �w

l

:

^

C

l

: h

c

^

N

1

� � �

^

N

n

�

C

�

M

0

= �w

0

1

:

^

C

0

1

: � � � �w

0

l

:

^

C

0

l

: h

c

^

N

0

1

� � �

^

N

0

n

Since �

C

�

P , whic h is h �

C

�

	 ; �

C

�

M ; �

C

�

M

0

i , is w ell-t yp ed, w e ha v e

� w

1

:

^

C

1

: � � � � w

l

:

^

C

l

: c

^

N

1

� � �

^

N

n

=

�

� w

0

1

:

^

C

0

1

: � � � � w

0

l

:

^

C

0

l

: c

^

N

0

1

� � �

^

N

0

n

It then follo ws that eac h

^

N

j

=

�

^

N

0

j

, and also that eac h

^

C

i

=

�

^

C

0

i

, so �

C

�

M =

�

�

C

�

M

0

. 2

4.7 Automatic T erm Inference

It is w ell kno wn that �rst-order uni�cation pro vides for t yp e inference in �

!

with t yp e

v ariables and in similar languages [51]. Recen tly , it has b een sho wn that HOU

!

is the k ey

ingredien t for the corresp onding problem in the ! -order p olymorphic � -calculus [59 ]. In �

�

there is another problem of in terest, namely term infer enc e , whic h requires HOU

�

. This

problem has t w o imp ortan t applications. One is making our uni�cation algorithm more

widely applicable, b y initially establishing the required in v arian t, as men tioned at the end

of Section 4.3, and made precise b elo w. The other is to pro vide automatic t yp e inference in

enco ded languages, as describ ed in Chapter 7. As in the t yp e inference algorithms men tioned

ab o v e, the basic idea is to com bine t yp e-c hec king and uni�cation, in this case, HOU

�

. A

similar problem is addressed b y Huet [33] and b y P ollac k [61 ] under the name of \argumen t

syn thesis".

Giv en a signature �, con text �, and a term M whose free v ariables are all t yp ed b y �,

it ma y b e the case that M is not w ell-t yp ed, but it has w ell-t yp ed substitution instances.

The goal of term inference is to determine exactly whic h substitution instances (if an y) of a
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giv en term are w ell-t yp ed. It do es this b y collecting pairs of t yp es that ha v e to b e uni�ed

b y an y substitution instan tiating M to a w ell-t yp ed term.

W e will construct the t yp e c hec king/term inference algorithm using t w o m utually recur-

siv e op erations expressed as an inference system. W e de�ne t w o judgmen ts, \�; 	 `

�

M 2

A with D " and \�; 	 `

�

A 2 K with D ", where D is a disagreemen t set. F or the �rst

judgmen t, M will b e giv en and w e will compute A and D . In the second, A will b e giv en

and w e will compute K and D . Uni�ers of D , if an y , will lead to instan tiations of M and A

(or A and K ), as will b e made precise b elo w. As usual, � is the uni�cation con text, and 	

is a univ ersal con text.

There is a Standard ML [29] implem en tation based on this pro cedure extended to deal

with t yp e v ariables [19].

De�nition 4.76 L et the judgments \ �; 	 `

�

A 2 K with D " and \ �; 	 `

�

M 2 A with D "

b e de�ne d by the fol lowing infer enc e system.

First for terms,

c : A 2 �

�; 	 `

�

c 2 A with f g

v : A 2 � � 	

�; 	 `

�

v 2 A with f g

�; 	 `

�

A 2 T yp e with D �; 	 � v : A `

�

M 2 B with D

0

�; 	 `

�

�v : A : M 2 � v : A : B with D ] D

0

�; 	 `

�

M 2 C with D C wh

�

�

� v : A : B �; 	 `

�

N 2 A

0

with D

0

�; 	 `

�

M N 2 [ N =v ] B with fh 	 ; A; A

0

ig ] D ] D

0

and then for typ es,

c : K 2 �

�; 	 `

�

c 2 K with f g

�; 	 `

�

A 2 T yp e with D �; 	 � v : A `

�

B 2 T yp e with D

0

�; 	 `

�

� v : A : B 2 T yp e with D ] D

0

�; 	 `

�

A 2 T yp e with D �; 	 � v : A `

�

B 2 K with D

0

�; 	 `

�

�v : A : B 2 � v : A : K with D ] D

0

�; 	 `

�

A 2 � v : B : K with D �; 	 `

�

M 2 B

0

with D

0

�; 	 `

�

A M 2 [ M =v ] K with fh 	 ; B ; B

0

ig ] D ] D

0

Once w e construct A and D suc h that �; 	 `

�

M 2 A with D , w e will w an t to use our

uni�cation pro cedure to �nd uni�ers of D , and so it is necessary that the uni�cation problem

h � ; �

id

�

; D i b e acceptable (in the sense of De�nition 4.38).
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Prop osition 4.77 L et � b e a valid signatur e, � and 	 valid uni�c ation and universal c on-

texts r esp e ctively, and M a (p ossibly il l-typ e d) term. L et A and D b e such that �; 	 `

�

M 2

A with D , and let Q = h � ; �

id

�

; D i . Then (a) Q is ac c eptable, and (b) for every c ontext

�

0

and solution � 2 �

�

0

�

of Q , it is the c ase that �

0

� � 	 `

�

� M 2 � A (and henc e, by

Pr op osition 2.34, also that �

0

� � 	 `

�

� A 2 T yp e ). Similarly for typ es.

Pro of : W e will argue b y induction on the deriv ation D of �; 	 `

�

M 2 A with D :

� If D consists of an instance of the �rst rule (for constan ts), then M = c for some

constan t c : A 2 �, and D = f g , so Q is v acuously acceptable. (Cf. De�nition 4.38

of acceptabilit y , noting that �

id

�

is trivially p ermanen t.) Next, let �

0

b e a con text, and

� 2 �

�

0

�

. (Since D = f g , � uni�es D .) Then � c = c , and F ( A ) = f g , so w e also ha v e

� A = A , and th us �

0

� � 	 `

�

� M 2 � A .

� If D consists of an instance of the second rule (for v ariables), then M = v for some

v ariable v : A 2 � � 	, and D = f g . The reasoning for part (a) is similar to the previous

case. F or part (b), if v 2 dom (	), then the reasoning is the same as the previous case.

Otherwise, v 2 dom (�), and, w e simply rely on the de�nition of �

�

0

�

.

� Assume that D ends in an instance of the third rule. Then M is an abstraction

�v :

^

A :

^

M , and A is a t yp e � v :

^

A :

^

B , where for some disagreemen t sets

^

D and

^

D

0

,

18

D con tains sub deriv ations of (a) �; 	 `

�

^

A 2 T yp e with

^

D , and (b) �; 	 � v :

^

A `

�

^

M 2

^

B with

^

D

0

, and D =

^

D ]

^

D

0

. By the induction h yp othesis,

^

Q = h � ; �

id

�

;

^

D i and

^

Q

0

= h � ; �

id

�

;

^

D

0

i are acceptable, so there are accoun tings

^

< of

^

Q and

^

<

0

of

^

Q

0

. Then the

union < of

^

< and

^

<

0

is an accoun ting for Q , and th us Q is acceptable. T o see the second

condition, let �

0

b e a con text, and let � 2 �

�

0

�

b e a uni�er of D . Since D =

^

D ]

^

D

0

,

� uni�es

^

D and

^

D

0

as w ell. Th us, b y the induction h yp othesis, �

0

� � 	 `

�

�

^

A 2 T yp e

and �

0

� � 	 � v : �

^

A `

�

�

^

M 2 �

^

B . Then from the t yping rule for abstractions, it follo ws

that �

0

� � 	 `

�

�v : �

^

A : �

^

M 2 � v : �

^

A : �

^

B , i.e. , �

0

� � 	 `

�

� M 2 � A .

� Assume D ends in an instance of the fourth rule. Then M is an application

^

M

^

N ,

A =

[

^

N =v ]

^

B , D = fh 	 ;

^

A;

^

A

0

ig ]

^

D ]

^

D

0

, and D con tains sub deriv ations of the

form �; 	 `

�

^

M 2 C with

^

D and �; 	 `

�

^

N 2

^

A

0

with

^

D

0

, where C wh

�

�

� v :

^

A :

^

B .

By the induction h yp othesis,

^

Q = h � ; �

id

�

;

^

D i and

^

Q

0

= h � ; �

id

�

;

^

D

0

i are acceptable,

ha ving accoun tings

^

< and

^

<

0

resp ectiv ely . Also b y the induction h yp othesis, for an y

con text �

0

and uni�er � 2 �

�

0

�

of

^

D and

^

D

0

, w e ha v e �

0

� � 	 `

�

� C 2 T yp e , and

�

0

� � 	 `

�

�

^

A

0

2 T yp e . By substitutivit y of wh

�

(Prop osition 4.5), � C wh

�

�

� (� v :

^

A :

^

B ).

Also, since wh

�

preserv es t yping (Corollary 4.4), w e ha v e �

0

� � 	 `

�

� v : �

^

A : �

^

B 2 T yp e ,

and th us �

0

� � 	 `

�

�

^

A 2 T yp e . In other w ords,

^

D ]

^

D

0

\accoun ts for" h 	 ;

^

A ;

^

A

0

i , in

the sense of De�nition 4.37 of an accoun ting. Th us w e can construct an accoun ting <

18

W e are departing here from our con v en tion of using \

^

D " for disagreemen t sequences.
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for Q b y P < X i� either (a) P

^

< X , (b) P

^

<

0

X , or (c) P 2

^

D ]

^

D

0

and X = h 	 ;

^

A ;

^

A

0

i ,

and hence Q is acceptable.

The second requiremen t is that for an y uni�er � 2 �

�

0

�

of D , w e ha v e �

0

� � 	 `

�

� (

^

M

^

N ) 2 � (

[

^

N =v ]

^

B ). By the induction h yp othesis, �

0

� � 	 `

�

�

^

M 2 � v : �

^

A : �

^

B

and �

0

� � 	 `

�

�

^

N 2 �

^

A

0

. Since � uni�es D , it uni�es, in particular, h 	 ;

^

A ;

^

A

0

i ,

i.e. , �

^

A =

�

�

^

A

0

, and so b y the con v ersion t yping rule, �

0

� � 	 `

�

�

^

N 2 �

^

A . Then,

b y the application t yping rule, �

0

� � 	 `

�

( �

^

M ) ( �

^

N ) 2

[ �

^

N
=v ]

( �

^

B ). Ho w ev er, b y

Lemma 2.23, w e kno w that

[ �

^

N =v ]

( �

^

B ) = � (

[

^

N =v ]

^

B ), so the conclusion follo ws.

The cases for t yp es are analogous. 2

The previous prop osition states that ev ery solution of the constructed uni�cation problem

leads to a t yping of the giv en term or t yp e. The follo wing sa ys that all p ossible t ypings can

b e obtained this w a y .

Prop osition 4.78 L et � b e a valid signatur e, � and 	 valid c ontexts, and M a term with

al l of its fr e e variables in � � 	 . F or any c ontext �

0

, substitution � 2 �

�

0

�

, and typ e A

0

,

if �

0

� � 	 `

�

� M 2 A

0

, then ther e is a typ e A and a disagr e ement set D such that (a)

�; 	 `

�

M 2 A with D , (b) � 2 U ( h � ; �

id

�

; D i ) , and (c) A

0

=

�

� A . Similarly for typ es.

Pro of : First consider the case that M is a v ariable v 2 dom (�). Then for some

^

A , w e

ha v e v :

^

A 2 � � 	. Therefore, �; 	 `

�

v 2

^

A with f g , and � 2 U ( h � ; �

id

�

; f gi ). By

De�nition 2.41 of �

�

0

�

and strengthening (Prop osition 2.31), �

0

� � 	 `

�

� v 2 �

^

A . Then b y

t yp e unicit y (Prop osition 2.30), A

0

=

�

�

^

A , so the result follo ws with A =

^

A and D = f g .

19

W e no w pro ceed b y induction on the deriv ation D of �

0

� � 	 `

�

� M 2 A

0

, under the

assumption that M 62 dom (�).

� If D consists solely of an instance of the rule for t yping constan ts, then � M is some

constan t c suc h that c : A

0

2 �. Since � M = c and w e are assuming M 62 dom (�), it

follo ws that M = c . (Note that w e are considering � M = c and not � M =

�

c .) Then

w e ha v e (a) �; 	 `

�

M 2 A

0

with f g , (b) � 2 U ( h � ; �

id

�

; f gi , and (c) A

0

= � A

0

(since

the t yp es in a v alid signature con tain no free v ariables).

� If D consists solely of an instance of the v ariable t yping rule, then � M is a v ariable,

and hence M is a v ariable u 2 dom (	) (since M 62 dom (�)). Then the result follo ws,

with A b eing the t yp e of u in 	 and D = f g .

19

Note that w e ha v e again relied on t yp e unicit y , whic h do es not hold for the calculus �

��

of the next

c hapter. W e will not deal with term inference for �

��

.
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� Assume that D ends in an instance of the rule for t yping abstractions. Then � M is

an abstraction, and since w e are assuming that M 62 dom (�), M m ust also b e an

abstraction, sa y M = �v :

^

A :

^

M . Th us � M = �v : �

^

A : �

^

M , A

0

= � v : �

^

A : B

0

for some B

0

,

and D con tains sub deriv ations of (1) �

0

� � 	 `

�

�

^

A 2 T yp e , and (2) �

0

� � 	 � v : �

^

A `

�

�

^

M 2 B

0

. By the induction h yp othesis, there is a kind K , a t yp e

^

B

0

, and disagreemen t

sets

^

D and

^

D

0

suc h that (a) �; 	 `

�

^

A 2 K with

^

D and �; 	 � v :

^

A `

�

^

M 2

^

B with

^

D

0

,

(b) � 2 U ( h � ; �

id

�

;

^

D i ) and � 2 U ( h � ; �

id

�

;

^

D

0

i ), and (c) B

0

=

�

�

^

B

0

and T yp e =

�

� K

( i.e. , K = T yp e ). Th us w e ha v e (a) �; 	 `

�

�v :

^

A :

^

M 2 � v :

^

A :

^

B with

^

D ]

^

D

0

(b y

De�nition 4.76), (b) � 2 U ( h � ; �

id

�

;

^

D ]

^

D

0

i ), and (c) A

0

= � v : �

^

A : B

0

=

�

� v : �

^

A : �

^

B =

� (� v :

^

A :

^

B ). Th us, letting D =

^

D ]

^

D

0

and A = � v :

^

A :

^

B , the conclusion follo ws.

� Assume that D ends in an instance of the rule for t yping applications. Then (since

M 62 dom (�)), M is an application

^

M

^

N , so � M is ( �

^

M ) ( �

^

N ), where, for some v ;

^

A

0

;

^

B

0

,

D con tains sub deriv ations of �

0

� � 	 `

�

�

^

M 2 � v :

^

A

0

:

^

B

0

and �

0

� � 	 `

�

�

^

N 2

^

A

0

,

where A

0

=

[ �

^

N
=v ]

^

B

0

. By the induction h yp othesis, there are t yp es

^

C and

^

A , and

disagreemen t sets

^

D and

^

D

0

suc h that (a) �; 	 `

�

^

M 2

^

C with

^

D and �; 	 `

�

^

N 2

^

A with

^

D

0

, (b) � 2 U ( h � ; �

id

�

;

^

D i ) and � 2 U ( h � ; �

id

�

;

^

D

0

i ), and (c) � v :

^

A

0

:

^

B

0

=

�

�

^

C

and

^

A

0

=

�

�

^

A . Then

^

C wh

�

�

� v :

^

A

00

:

^

B for some

^

A

00

and

^

B , where �

^

A

00

=

�

^

A

0

and

�

^

B =

�

^

B

0

. Therefore, w e ha v e �; 	 `

�

^

M

^

N 2

[

^

N =v ]

^

B with fh 	 ;

^

A

00

;

^

A ig ]

^

D ]

^

D

0

,

and so the �rst condition follo ws, with D = fh 	 ;

^

A

00

;

^

A ig ]

^

D ]

^

D

0

and A =

[

^

N =v ]

^

B .

The second condition follo ws since � uni�es

^

D and

^

D

0

b y our induction h yp othesis, and

b ecause �

^

A

00

=

�

^

A

0

=

�

�

^

A . The third condition, A

0

=

�

� A , holds b ecause

^

B

0

=

�

�

^

B ,

and so A

0

=

[ �

^

N =v ]

^

B

0

=

�

[ �

^

N =v ]

( �

^

B ) = � (

[

^

N =v ]

^

B ) = � A .

� Finally (for terms), assume that D ends in an instance of the con v ersion t yping rule,

i.e. , D has the form

.

.

.

�

0

� � 	 `

�

� M 2 A

00

.

.

.

�

0

� � 	 `

�

A

0

2 T yp e

A

00

=

�

A

0

�

0

� � 	 `

�

� M 2 A

0

By the induction h yp othesis, there are A and D suc h that (a) �; 	 `

�

M 2 A with D ,

(b) � 2 U ( h � ; �

id

�

; D i ), and (c) A

00

=

�

� A . Ho w ev er, since A

00

=

�

A

0

, w e ha v e A

0

=

�

� A ,

so the result follo ws with the same c hoice of A and D .

2

Giv en a term M in a con text � w e do t yp e-c hec king/term inference as follo ws. If there

is no A; D suc h that �; [ ] `

�

M 2 A with D , then, b y the prop osition, M has no w ell-

t yp ed instance, so w e indicate failure. Otherwise, for suc h an A; D , let Q b e a � CSP

of h � ; �

id

�

; D i . If Q is empt y , then M has no w ell-t yp ed instance. Otherwise, for eac h
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h �

0

; �

0

; D

0

i 2 Q , w e return the instan tiated term �

0

M and the instan tiated t yp e �

0

A , together

with the \constrain t" D

0

. (Dep ending on the application, if Q has more than one elemen t,

and/or if D

0

is nonempt y for some h �

0

; �

0

; D

0

i 2 Q , it ma y b e appropriate to request a user

to pro vide a more constrained term.)

If on the other hand w e ha v e t w o terms M and M

0

to b e uni�ed in a con text �, w e can

pro ceed as follo ws: If there is no A; D suc h that �; [ ] `

�

M 2 A with D or there is no

A

0

; D

0

suc h that �; [ ] `

�

M

0

2 A

0

with D

0

, then indicate a t yping error. Otherwise, for suc h

an A; D and A

0

; D

0

, construct a � CSP of h � ; �

id

�

; fh [ ] ; M ; M

0

ig ] D ] D

0

] fh [ ] ; A; A

0

igi .

In a practical implem en t ation, it is b etter to exhaustiv ely apply at least the non-branc hing

transformations (4.1 through 4.3) to the t yp e disagreemen t pairs pro duced in this pro cess,

rather than ha ving completely separate collection and pre-uni�cation phases as describ ed

ab o v e.



Chapter 5

Pro ducts

In this c hapter, w e extend the pre-uni�cation algorithm dev elop ed in the previous c hapter

to the calculus \ �

��

", whic h is �

�

enric hed with a dep enden t v ersion of Cartesian pro duct

t yp es, often called \strong sum t yp es", or simply \� t yp es".

1

The new algorithm then

follo ws naturally from an analysis of w eak head normal form terms and t yp es, as guided b y

our dev elopmen t of HOU

�

. Finally , w e presen t a commonly used notational v ariation that

will mak e examples easier to read.

Man y of the de�nitions and prop ositions carry o v er from Chapters 2 and 4 to this calculus.

W e will p oin t out the extensions needed. In general, the degree of detail presen ted in this

c hapter is lo w er than the preceding one.

5.1 The Language Extension

Rather than stating the en tire calculus, w e will only state the new language constructs, t yping

rules and con v ersion rules. The new terms of �

��

are for the construction and decomp osition

of pairs:

M ::= M ; N

j fst M

j snd M

where \," asso ciates to the righ t and binds less tigh tly than application.

Just as the t yp e of the result of an application can dep end on the v alue of the argumen t,

the t yp e of the second elemen t of a pair can dep end on the v alue of the �rst elemen t. The

new t yp es of �

��

are for these dep enden t pairs:

A ::= � v : A : B

1

This use of � is not to b e confused with the use of � for signatures.

79
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W e will often use the abbreviation \ A � B " for � v : A : B when v is not free in B , and then

\ � " asso ciates to the righ t and binds less tigh tly than \ ! ".

All of the t yping rules from �

�

carry o v er to �

��

. The new t yping rules are

T yp es

� `

�

A 2 T yp e � � v : A `

�

B 2 T yp e

� `

�

� v : A : B 2 T yp e

T erms

� `

�

M 2 A � `

�

N 2 [ M =v ] B

� `

�

M ; N 2 � v : A : B

� `

�

M 2 � v : A : B

� `

�

fst M 2 A

� `

�

M 2 � v : A : B

� `

�

snd M 2 [ fst M =v ] B

An in teresting feature of �

��

not o ccurring in �

�

is that w ell-t yp ed terms do not ha v e

unique t yp es (mo dulo =

�

), as illustrated in the follo wing:

Example 5.1 L et our signatur e � include

h o : T yp e ; ` : o ! T yp e ; > : o ; I

>

: ` > i

Then in � and the empty c ontext, the term ( > ; I

>

) has b oth typ es � p : o : ` p and o � ( ` > ) .

5.2 Substitution

W e need to extend De�nition 2.7 of � giv en for �

�

:

De�nition 5.2 Given variable sets V and V

0

, and a substitution � 2 �

�

, let � b e the

function fr om �

V

��

to �

V

0

��

satisfying the pr op erties liste d in De�nition 2.7, to gether with the

fol lowing. First for terms,

� ( M ; N ) = ( � M ; � N )

� ( fst M ) = fst ( � M )

� ( snd M ) = snd ( � M )

and then for typ es,

� (� u : A : B ) = � u : � A : �

+ u

B if u 62 V [ V

0

The prop erties of substitution pro v ed in that section carry o v er directly to �

��

. W e will

con tin ue to write \ � " in place of \ � ", \ �

0

�

� " in place of \ �

0

� � ", and \ � ", in place of �

+ u

,

where the u is clear from the con text.
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5.3 Con v ersion

In order for the � rules sp eci�ed in De�nition 2.16 to b e meaningful in this calculus, the

meaning of F ( U ) giv en in De�nition 2.1 is extended to our new language constructs in the

ob vious w a y .

The new reduction relations are

fst ( M ; N ) �

1

M

snd ( M ; N ) �

2

N

( fst M ; snd M ) � M

The last rule is often referred to as \surjectivit y".

De�nition 5.3 Given a binary r elation � on �

��

, the r elation !

�

extends De�nition 2.18,

with the fol lowing additional c ases, �rst for typ es,

A !

�

A

0

� v : A : B !

�

� v : A

0

: B

B !

�

B

0

� v : A : B !

�

� v : A : B

0

and then for terms

M !

�

M

0

( M ; N ) !

�

( M

0

; N )

N !

�

N

0

( M ; N ) !

�

( M ; N

0

)

M !

�

M

0

fst M !

�

fst M

0

M !

�

M

0

snd M !

�

snd M

0

The r elations !

�

�

and $

�

�

ar e again the r e
exitive tr ansitive closur e, and the e quivalenc e

closur e, r esp e ctively, of !

�

.

Then w e extend our notion of con v ertibilit y:

De�nition 5.4 The c onvertibility r elation =

�

is $

�

� � �

1

�

2

�

.



82 CHAPTER 5. PR ODUCTS

The w ell-t yp ed terms in the analogous extension \ �

! �

" of �

!

ha v e the imp ortan t nor-

malization and Ch urc h-Rosser prop erties [62, 73 ]. Again, w e will assume that the pro of

can b e carried through to �

��

, and again, w e could eliminate this assumption b y rede�ning

con v ertibilit y as discussed in Section 2.3.

W e will also need to extend Prop osition 2.22, whic h states the substitutivit y of � and � :

Prop osition 5.5 The r e duction r elations �

1

, �

2

, and � ar e substitutive.

Pro of : Simple consequence of the de�nition of � . 2

It is also simple to extend the pro of of Prop osition 2.25 to sho w that for substitutiv e

relations � , the relations !

�

, !

�

�

, and $

�

�

are substitutiv e.

Finally , w e m ust extend Prop osition 2.36, whic h states that � and � preserv e t yping, to

the new reduction relations �

1

and �

2

.

Prop osition 5.6 The r e duction r elations �

1

and �

2

pr eserve typing.

Pro of : Of the t w o, �

2

is the tric kier. Let D b e a deriv ation of � `

�

snd ( M ; N ) 2 C

for some t yp e C . Then D ends in an instance of the t yping rule for snd , follo w ed b y zero

or more t yp e con v ersions. Th us for some v ; A; B , (a) D con tains a sub deriv ation D

1

of

� `

�

( M ; N ) 2 � v : A : B , and (b) C =

�

[ fst ( M ; N ) =v ] B and th us C =

�

[ M =v ] B . Also,

D

1

ends in an instance of the pair t yping rule, follo w ed b y zero or more t yp e con v ersions.

Th us for some v

0

; A

0

; B

0

, (a) D

1

con tains a sub deriv ation of � `

�

N 2 [ M =v

0

] B

0

, and (b)

� v : A : B =

�

� v

0

: A

0

: B

0

. By consideration of normal forms then, A

0

=

�

A and B

0

=

�

[ v

0

=v ] B .

Th us, [ M =v

0

] B

0

=

�

[ M =v

0

]([ v

0

=v ] B ) = [ M =v ] B =

�

C , so � `

�

N 2 C b y the con v ersion

t yping rule. 2

5.4 Normal F orms

W e need new normal forms to accomo date the new reduction rules. Recall that in HOU

�

w e

used the � rule to w eakly head normalize terms and t yp es. In HOU

��

w e will w an t to use

the �

1

and �

2

rules also:
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De�nition 5.7 The \we ak he ad r e duction " r elation wh

� �

1

�

2

extends wh

�

(De�nition 4.1) as

fol lows. In plac e of the �rst rule of De�nition 4.1, we have

U � �

1

�

2

U

0

U wh

� �

1

�

2

U

0

Then for typ es,

A wh

� �

1

�

2

A

0

A M wh

� �

1

�

2

A

0

M

and for terms,

M wh

� �

1

�

2

M

0

M N wh

� �

1

�

2

M

0

N

M wh

� �

1

�

2

M

0

fst M wh

� �

1

�

2

fst M

0

M wh

� �

1

�

2

M

0

snd M wh

� �

1

�

2

snd M

0

Prop osition 5.8 If U wh

� �

1

�

2

V then U !

� �

1

�

2

V .

Pro of : A simple induction of the deriv ation of U wh

� �

1

�

2

V . 2

Corollary 5.9 wh

� �

1

�

2

pr eserves typ es.

As in Prop osition 4.5, it is easy to sho w

Prop osition 5.10 wh

� �

1

�

2

is substitutive.

Then w e ha v e the new v ersion of WHNF and b o dy :

De�nition 5.11 A term or typ e U is in ( � �

1

�

2

) we ak he ad normal form (WHNF) i� ther e

is no V such that U wh

� �

1

�

2

V .

Example 5.12 We have the fol lowing r e ductions

fst ( snd ( x; ( �w : i : g w w )) y ) z wh

� �

1

�

2

fst (( �w : i : g w w ) y ) z

fst (( �w : i : g w w ) y ) z wh

� �

1

�

2

fst ( g y y ) z

and the �nal term is in WHNF.
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De�nition 5.13 A b o dy is a (p ossibly il l-typ e d) WHNF term or typ e that is neither an

abstr action nor p air.

Similarly to Prop osition 4.8, w e will need the follo wing.

Prop osition 5.14 A wel l-typ e d term b o dy is either

� a variable,

� a c onstant,

� M N for a wel l-typ e d b o dy M , or

� fst M or snd M for a wel l-typ e d b o dy M .

and a wel l-typ e d typ e b o dy is either

� a typ e c onstant,

� � v : A : B or � v : A : B , or

� A M for a wel l-typ e d b o dy A that is neither a � nor a � typ e,

Pro of : F ollo ws easily from De�nitions 5.11 and 5.7. The restriction of w ell-t yp edness en-

sures that, (a) in M N , M is not a pair, (b) in fst M or snd M , M is not an abstraction, and

(c) in A M , A is not a � or � t yp e. 2

5.5 Some Useful Prop erties of Con v ertibilit y

As in Chapter 4, w e presen t some metho ds for decomp osing questions of con v ertibilit y of dis-

agreemen t pairs in to questions of sim ultaneous con v ertibilit y of \simpler" sets of constructed

disagreemen t pairs.
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De�nition 5.15 Extend the notion of the s ize of a � �

1

�

2

normal form term or typ e U

(De�nition 4.16) by the fol lowing. First for typ es,

size ( fst M ) = 1 + size ( M )

size ( snd M ) = 1 + size ( M )

size (( M ; N )) = size ( M ) + size ( N ) + 1

Then for typ es,

size (� v : A : B ) = size ( A ) + size ( B ) + 1

The de�nition is extende d to wel l-typ e d terms and typ es (not ne c essarily in normal form),

and to disagr e ement p airs, as in De�nition 4.16.

Note that w ell-t yp edness is crucial for the notion of size to b e w ell de�ned.

The meaning of \ P < D " is as giv en in De�nition 4.18, giv en this new de�nition of size.

5.5.1 W eak Head Redices

This case is handled in analogy to Section 4.2.1, using wh

� �

1

�

2

instead of wh

�

:

De�nition 5.16 The de c omp osition metho d ;

wh

is given by

U wh

� �

1

�

2

V

h 	 ; U; U

0

i ;

wh

h h h 	 ; V ; U

0

i i i

U

0

wh

� �

1

�

2

V

0

h 	 ; U; U

0

i ;

wh

h h h 	 ; U; V

0

i i i

Then w e ha v e

Prop osition 5.17 L et P b e a wel l-typ e d disagr e ement p air and

^

D a disagr e ement se quenc e

such that P ;

wh

^

D . Then P <

^

D .

Pro of : The argumen t go es exactly as with of Prop osition 4.20, replacing � b y � �

1

�

2

. 2
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5.5.2 Abstractions and pairs

The treatmen t of pair terms is conceptually similar to the treatmen t giv en to abstractions

in Section 4.2.2, and so w e treat them together. This is the only form of � or � con v ersion

used b y the algorithm.

De�nition 5.18 L et the syntactic de c omp osition r elation \ ;

��

" b e de�ne d by the union of

the r elation ;

�

(De�nition 4.21) and the r elation de�ne d by the fol lowing rules:

h 	 ; ( M ; N ) ; ( M

0

; N

0

) i ;

��

h h h 	 ; M ; M

0

i ; h 	 ; N ; N

0

i i i

M

0

is a b o dy

h 	 ; ( M ; N ) ; M

0

i ;

��

h h h 	 ; M ; fst M

0

i ; h 	 ; N ; snd M

0

i i i

M is a b o dy

h 	 ; M ; ( M

0

; N

0

) i ;

��

h h h 	 ; fst M ; M

0

i ; h 	 ; snd M ; N

0

i i i

Prop osition 5.19 L et P b e a wel l-typ e d disagr e ement p air and

^

D a disagr e ement se quenc e

such that P ;

��

^

D . Then P <

^

D .

(Pro of b elo w.)

Example 5.20 L et our signatur e � = h i : T yp e ; a : i ; b : i ; c : i � i i , and our uni�c ation c on-

text � = [ x : i ; y : i ] . L et P

1

= h [ ] ; ( x; a ) ; c i . Then

P

1

;

��

h h h [ ] ; x; fst c i ; h [ ] ; a ; snd c i i i

Next, let P

2

= h [ ] ; ( x; c ) ; ( b ; y ) i . Then

P

2

;

��

h h h [ ] ; x; b i ; h [ ] ; a ; y i i i

Pro of of Prop osition 5.19: The abstraction cases ha v e already b een pro v ed in Prop o-

sition 4.22. W e will pro v e the claim for the second pair case. Th us P = h 	 ; ( M ; N ) ; M

0

i

and

^

D = h h h 	 ; M ; fst M

0

i ; h 	 ; N ; snd M

0

i i i , where M

0

is a b o dy . T o pro v e that the

�rst condition of De�nition 4.18 of < is satis�ed, �rst assume that ( M ; N ) =

�

M

0

. Then

M =

�

fst ( M ; N ) =

�

fst M

0

and N =

�

snd ( M ; N ) =

�

snd M

0

. Next, assume that M =

�

fst M

0

and N =

�

snd M

0

. Then ( M ; N ) =

�

( fst M

0

; snd M

0

) =

�

M

0

.

F or the second part, w e m ust sho w that P

0

1

= h 	 ; M ; fst M

0

i is w ell-t yp ed, and that if

M =

�

fst M

0

then P

0

2

= h 	 ; N ; snd M

0

i is w ell-t yp ed. Since P is w ell-t yp ed, there m ust b e

some B suc h that ( M ; N ) and M

0

b oth ha v e t yp e B in � � 	. But then B m ust b e con v ertible

to the form � v :

^

A :

^

B , where (a) � � 	 `

�

M 2

^

A , and (b) � � 	 `

�

N 2 [ M =v ]

^

B . But
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also (a) � � 	 `

�

fst M

0

2

^

A , whic h sho ws that P

0

1

is w ell-t yp ed, and (b) � � 	 `

�

snd M

0

2

[ fst M

0

=v ]

^

B , whic h sho ws that if M =

�

fst M

0

then P

2

is w ell-t yp ed.

The size requiremen t follo ws since

size ( h 	 ; ( M ; N ) ; M

0

i ) = size ( M ) + size ( N ) + 1 + size ( M

0

)

while

size ( h 	 ; M ; fst M

0

i ) = size ( M ) + size ( M

0

) + 1

(recalling that size ( N ) > 0 for all N ), and similarly for h 	 ; N ; snd M

0

i .

The third pair decomp osition case is analogous, and the �rst case is simpler. 2

5.5.3 Bo dies

T o treat b o dies, w e will need a new v ersion of \ ;

rr

":

De�nition 5.21 Given a disagr e ement p air P r elating b o dies, and a disagr e ement se quenc e

^

D , P rigidly decomp oses to D , written \ P ;

rr

^

D ", ac c or ding to the infer enc e system of

De�nition 4.28, plus the fol lowing new infer enc e rules. First for terms,

h 	 ; M ; M

0

i ;

rr

^

D

h 	 ; fst M ; fst M

0

i ;

rr

^

D

h 	 ; M ; M

0

i ;

rr

^

D

h 	 ; snd M ; snd M

0

i ;

rr

^

D

and then for typ es

h 	 ; � v : A : B ; � v : A

0

: B

0

i ;

rr

h h h 	 ; A; A

0

i ; h 	 � v : A ; B ; B

0

i i i

We de�ne \ U � U

0

" and \ top eq( P ) " as b efor e.

Again w e will use

Prop osition 5.22 L et P b e a disagr e ement p air r elating b o dies. If eq

�

( P ) , then top eq( P ) .

Otherwise, let P ;

rr

^

D . Then P <

^

D .

Pro of of Prop osition 5.22: Similar to the pro ofs of Prop ositions 4.32 and 4.34. 2
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Example 5.23 L et the disagr e ement p air

P = h [ ] ; snd (( fst g ) x y ) z ; snd (( fst g ) u v ) w i

Then

P ;

rr

h h h [ ] ; x; u i ; h [ ] ; y ; v i ; h [ ] ; z ; w i i i

Example 5.24 Changing the pr evious example, let

P = h [ ] ; snd (( fst g ) x y ) z ; fst (( snd g ) u v ) w i

Then : top eq( P ) .

5.6 The T ransformations

The meaning of solve d form carries o v er without c hange from De�nition 4.46.

As in Section 4.4, the follo wing fact will pla y an imp ortan t role

Prop osition 5.25 L et Q = h � ; �

0

; D ] f P gi b e ac c eptable,

^

D b e such that for any � 2 �

�

such that � P is wel l-typ e d, � P < �

^

D , and Q

0

b e h � ; �

0

; D ]

^

D i . Then the tr ansition Q 7! f Q

0

g

is valid.

Pro of : The pro of of Prop osition 4.47, whic h did not dep end on the particulars of �

�

,

applies here. 2

W e will also need an extended notion of head:

De�nition 5.26 The head of a b o dy, which is an atom or one of the symb ols � or � , is

given by, �rst for terms,

� he ad ( v ) = v ,

� he ad ( c ) = c ,

� he ad ( M N ) = he ad ( M ) ,

� he ad ( fst M ) = he ad ( snd M ) = he ad ( M ) ,
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and then for typ es

� he ad ( c ) = c ,

� he ad ( A M ) = he ad ( A ) ,

� he ad (� v : A : B ) = � ,

� he ad (� v : A : B ) = � ,

Example 5.27 The he ad of snd (( fst f ) x y ) z is f .

The meanings of 
exible and rigid are as in De�nition 4.45 (extending rigid to co v er the

p ossibilit y of � as a head), giv en this new notion of head. Another c hange is to De�nition 4.43

of w eak v alidit y of a con text � = [ u

1

: B

1

; : : : ; u

n

: B

n

]. W e will require that eac h B

i

is of the

form Qx

1

: A

1

: � � � Qx

m

: A

m

: A

0

, where (a) eac h Q

i

is � or �, and (b) A

0

is atomic.

5.6.1 Redices

The treatmen t of w eak head redices is the same as in HOU

�

, giv en the new de�nition of

;

wh

:

T ransformation 5.1 L et Q = h � ; �

0

; D ] f P gi and let

^

D b e such that P ;

wh

^

D . Then

make the tr ansition

Q 7! fh � ; �

0

; D ]

^

D ig

Prop osition 5.28 T r ansformation 5.1 is valid.

Pro of : The argumen t go es as for T ransformation 4.1. 2
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5.6.2 Abstractions and P airs

W e will treate these t w o together, extending the treatmen t giv en for HOU

�

.

Prop osition 5.29 L et P b e a disagr e ement p air and

^

D a disagr e ement se quenc e such that

P ;

��

^

D . Then for any � 2 �

�

, � P ;

��

�

^

D , and in p articular if � P is wel l-typ e d then

� P < �

^

D .

Pro of : W e ha v e already treated the abstraction cases in Prop osition 4.50. T o treat a dis-

agreemen t pair in v olving a pair let P = h 	 ; ( M ; N ) ; M

0

i and

^

D = h h h 	 ; M ; fst M

0

i ; h 	 ; N ; snd M

0

i i i ,

and reason

� P = � h 	 ; ( M ; N ) ; M

0

i

= h � 	 ; � ( M ; N ) ; � M

0

i

= h � 	 ; ( � M ; � N ) ; � i M

0

;

��

h h h � 	 ; � M ; fst ( � M

0

) i ; h � 	 ; � N ; snd ( � M

0

) i i i

= h h h � 	 ; � M ; � ( fst M

0

) i ; h � 	 ; � N ; � ( snd M

0

) i i i

= �

^

D

The �nal conclusion follo ws from Prop osition 5.19.

The other pair decomp osition cases are similar. 2

T ransformation 5.2 L et Q = h � ; �

0

; D ] f P gi , and let

^

D b e such that P ;

��

^

D . Then

make the tr ansition

Q 7! fh � ; �

0

; D ]

^

D ig

Prop osition 5.30 T r ansformation 5.2 is valid.

Pro of : Imme diate from Prop ositions 5.25 and 5.29. 2
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5.6.3 Rigid-rigid

The treatmen t of this case is exactly as in Section 4.4.4, giv en the extended meaning of

\ ;

rr

":

Prop osition 5.31 L et P b e a rigid-rigid disagr e ement p air. If : top eq( P ) , then P is nonuni�-

able. If P ;

rr

^

D , then for al l � 2 �

�

, � P ;

rr

�

^

D , and in p articular if � P is wel l-typ e d, then

� P < �

^

D , and henc e � P < �

^

D .

Pro of : Refer to pro of of Prop osition 4.53. The new cases ( fst , snd , and �) presen t no new

di�culties. 2

T ransformation 5.3 L et Q = h � ; �

0

; D ] f P gi b e ac c eptable, wher e P is rigid-rigid. If

: top eq( P ) then make the tr ansition

Q 7! f g

Otherwise, let P ;

rr

^

D , and make the tr ansition

Q 7! fh � ; �

0

; D ]

^

D ig

Prop osition 5.32 T r ansformation 5.3 is valid.

Pro of : Imme diate from Prop ositions 5.25 and 5.31. 2

5.6.4 P air-pro ducing V ariables

The purp ose of this case is just to simplify treatmen t of the 
exible-rigid case, b y eliminating

certain t yp es of v ariables. It is di�eren t from the other transformations, in that it is p ossible

for a uni�cation problem to b e in solv ed form ev en when this transformation applies.

De�nition 5.33 A pair-pro ducing t yp e is one that is c onvertible to the form

� x

1

: A

1

: � � � � x

m

: A

m

: � u :

^

A :

^

B

wher e m is p ossibly zer o.
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Consider a uni�cation problem Q = h � ; �

0

; D i , where � con tains a v ariable of pair-

pro ducing t yp e. W e will treat this case using a simpli�cation of the ideas in Section 4.4.5,

in tro ducing an appro ximating substitution, ha ving the e�ect of replacing a uni�cation v ari-

able of pair-pro ducing t yp e b y t w o new v ariables of simpler t yp e.

De�nition 5.34 Given a uni�c ation c ontext � = �

1

� v : A � �

2

, wher e A is a p air-pr o ducing

typ e c onvertible to � x

1

: A

1

: � � � � x

m

: A

m

: � u :

^

A :

^

B , let

N

�

= �x

1

: A

1

: � � � �x

m

: A

m

: ( v

1

x

1

� � � x

m

; v

2

x

1

� � � x

m

)

wher e f v

1

; v

2

g \ ( dom (�

1

) [ dom (�

2

)) = f g . Then de�ne the appro ximating substitution

�

�

=
[ N

�

=v ]

dom (�

1

) [f v

1

;v

2

g[ dom (�

2

)

dom (�)

F or the typ es of the new variables v

1

; v

2

, let

C

1

= � x

1

: A

1

: � � � � x

m

: A

m

:

^

A

C

2

= � x

1

: A

1

: � � � � x

m

: A

m

: [ ( v

1

x

1

� � � x

m

) =u ]

^

B

and de�ne the new c ontext

�

�

= �

1

� [ v

1

: C

1

; v

2

: C

2

] � ( �

�

�

2

)

(Note that these ar e al l wel l-de�ne d up to c onvertibility.)

Similarly to Prop ositions 4.59 and 4.64, w e will need the follo wing:

Prop osition 5.35 L et Q = h � ; �

0

; D i , wher e � is as ab ove. F or any � 2 �

�

(and in

p articular for any such � that uni�es D ), � is an instanc e of �

�

, i.e., ther e is a �

0

such that

� =

�

�

0

�

�

�

. F urthermor e, we c an cho ose such a �

0

such that � � �

0

(se e De�nition 4.63).

Pro of : The k ey observ ation is that for an y � 2 �

�

, � v is con v ertible to a term of the form

�x

1

: A

1

: � � � �x

m

: A

m

: ( N

1

; N

2

)

and that this is equiv alen t to sa ying that � =

�

�

0

�

�

�

, where

�

0

v

1

= �x

1

: A

1

: � � � �x

m

: A

m

: N

1

�

0

v

2

= �x

1

: A

1

: � � � �x

m

: A

m

: N

2

and �

0

agrees with � on dom (�) � f v g . In particular, this is true for an y uni�er � of D . 2

No w w e can state our transformation:
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T ransformation 5.4 L et Q = h � ; �

0

; D i b e a uni�c ation pr oblem, with � and �

�

as ab ove.

Then make the tr ansition

Q 7! fh �

�

; �

�

�

�

0

; �

�

D ig

Example 5.36 L et the signatur e b e

� = h a : T yp e ; b : T yp e ; c : T yp e ; d : T yp e ; g : c ! a ! d i

and the uni�c ation c ontext b e

� = [ f : a ! b � ( c ! d ) ]

L et our uni�c ation pr oblem b e

Q = h � ; �

id

�

; fh [ x : a ; y : c ] ; snd ( f x ) y ; g y x igi

Applying T r ansformation 5.4 gives fh �

�

; �

�

; f P

0

gig , wher e

�

�

= [ f

1

: a ! b ; f

2

: a ! c ! d ]

�

�

= [ ( �z : a : f

1

z ; f

2

z ) =f ]

P

0

= h [ x : a ; y : c ] ; snd (( �z : a : f

1

z ; f

2

z ) x ) y ; g y x i

Then applying T r ansformation 5.1 for we ak he ad r e duction gives the disagr e ement p air

h [ x : a ; y : c ] ; f

2

x y ; g y x i

The pro of of v alidit y of this transformation is similar to but simpler than the 
exible-rigid

transformation pro of in Section 4.4.5. Recall the de�nition of U ( Q ) from De�nition 3.5:

f

^

� j 9 � :

^

� =

�

�

�

�

0

^ � 2 �

�

^ � uni�es D g

F rom Prop osition 5.35, w e kno w that the condition � 2 �

�

implies the additional condition

9 �

0

: � =

�

�

0

�

�

�

As b efore, w e can th us add this condition without c hanging the meaning of the set expression.

Then, b y steps similar to those on page 66, w e get the equiv alen t form of U ( Q ):

f

^

� j 9 �

0

:

^

� =

�

�

0

�

( �

�

�

�

0

) ^ �

0

�

�

�

2 �

�

^ �

0

uni�es �

�

D g

Again, this is almost in the righ t form to b e collapsed in to h �

�

; �

�

�

�

0

; �

�

D i . The only

problem is the condition �

0

�

�

�

2 �

�

, instead of �

0

2 �

�

�

. Reasoning as b efore, w e can see

that �

0

�

�

�

2 �

�

i� (a) for eac h u :

^

B 2 �

�

, excepting u 2 f v

1

; v

2

g , w e ha v e �

0

`

�

�

0

u 2 �

0

^

B ,

and (b) �

0

`

�

�

0

N

�

2 �

0

A . The follo wing lemma sho ws that this is exactly what w e need.

(Note that, unlik e Prop osition 4.67, w e do not also need to add a t yp e pair.)
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Lemma 5.37 Given �

�

, C

1

, C

2

, : : : as ab ove, we have �

0

`

�

�

0

N

�

2 �

0

A i� �

0

`

�

�

0

v

1

2 �

0

C

1

and �

0

`

�

�

0

v

2

2 �

0

C

2

.

Pro of : Note that

� N

�

= �x

1

: �

0

A

1

: � � � �x

m

: �

0

A

m

: (( �

0

v

1

) x

1

� � � x

m

; ( �

0

v

2

) x

1

� � � x

m

)

and

�

0

A = � x

1

: �

0

A

1

: � � � � x

m

: �

0

A

m

: � u : �

0

^

A : �

0

^

B

th us �

0

`

�

�

0

N

�

2 �

0

A i�

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] `

�

( �

0

v

1

) x

1

� � � x

m

2 �

0

^

A

and

�

0

� [ x

1

: �

0

A

1

; : : : ; x

m

: �

0

A

m

] `

�

( �

0

v

2

) x

1

� � � x

m

2 [ ( �

0

v

1

) x

1

� � � x

m

=u ]( �

0

^

B )

By a simple inductiv e argumen t, the latter t yp e is the same as �

0

([ v

1

x

1

� � � x

m

=v ]

^

B ). Then

using the abstraction rule and � reduction m times, this is equiv alen t to

�

0

`

�

�

0

v

1

2 � x

1

: �

0

A

1

: � � � � x

m

: �

0

A

m

: �

0

^

A

and

�

0

`

�

�

0

v

2

2 � x

1

: �

0

A

1

: � � � � x

m

: �

0

A

m

: �

0

(

[ v

1

x

1

� � � x

m

=

^

A ]

^

B )

but giv en the de�nitions of C

1

and C

2

, this is just �

0

`

�

�

0

v

1

2 � C

1

and �

0

`

�

�

0

v

2

2 � C

2

. 2

No w w e are ready to sho w the v alidit y of our transformation.

Prop osition 5.38 T r ansformation 5.4 is valid.

Pro of : The reasoning is m uc h the same as in the 
exible-rigid case for HOU

�

, but simpler

since there is no branc hing. Correctness then follo ws from Prop osition 5.35 and Lemma 5.37.

Acceptabilit y is sho wn as for T ransformation 4.4. Finally , minimali t y is v acuous. 2
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5.6.5 Flexible-ri gid

Because of the previous transformation, w e ma y sp ecialize the 
exible-rigid case to handle

only 
exible heads not of pair-pro ducing t yp e. As in Section 4.4.5, assume that our accept-

able uni�cation problem Q is h � ; �

0

; D i , where D con tains a 
exible-rigid disagreemen t pair

P = h 	 ; M ; M

0

i or a rigid-
exible disagreemen t pair P = h 	 ; M

0

; M i . Let the uni�cation

v ariable v b e the head of M . Let � = �

1

� v : A � �

2

, where, b y w eak v alidit y of �, A is

con v ertible to the form � x

1

: A

1

: � � � � x

m

: A

m

: A

0

, for an atomic A

0

. (Recall w e are assuming

A not to b e a pair pro ducing t yp e.) Then, for ev ery substitution � 2 �

�

, � v is con v ertible

to a term of the form

� v =

�

�x

1

:

^

A

1

: � � � �x

m

:

^

A

m

: N

for some b o dy N . As in Section 4.4.5, our analysis is based on examining the p ossible

top lev el structure of N . In �

��

, w e cannot simply express N in the form b N

1

� � � N

n

b ecause there ma y also b e o ccurrences of fst and snd in v olv ed (as in Example 5.12). Let

�

x

= [ x

1

: A

1

; : : : ; x

m

: A

m

] and assume that � uni�es P . With resp ect to �

x

, N is either rigid

or 
exible. If rigid ( i.e. , head( N ) 62 f x

1

; : : : ; x

m

g ), then

� M =

�

( �x

1

:

^

A

1

: � � � �x

m

:

^

A

m

: N ) ( � M

1

) � � � ( � M

m

)

=

�

[ � M

1

=x

1

; : : : ; � M

m

=x

m

] N � N

But also

� M =

�

� M

0

� M

0

b y Prop osition 4.52, since M

0

is rigid, so N � M

0

. (The other p ossibilit y is that head( N ) = x

i

for some 1 � i � m .) W e will no w sho w ho w to construct an appro ximating imitation

substitution re
ecting the restriction that N � M

0

. (An example follo ws.)

De�nition 5.39 Given �

1

; �

2

and �

x

= [ x

1

: A

1

; : : : ; x

m

: A

m

] , de�ne the r elation \

^

M = )

�

new

;

~

M 2 B " as fol lows. (In pr actic e,

^

M wil l b e given, and we wil l c onstruct the \template"

~

M and its typ e B , in which some subterms of

^

M have b e en r eplac e d by plac eholders of the form

( w x

1

� � � x

m

) . The c onstructe d c ontext �

new

ac cumulates typings for these new w variables.)

�

x

`

�

v 2 B

v = ) [ ] ; v 2 B

[ ] `

�

c 2 B

c = ) [ ] ; c 2 B

^

M = ) �

new

;

~

M 2

^

A

^

A wh

� �

1

�

2

� v : A : B w 62 dom (�

1

) [ dom (�

new

) [ dom (�

2

)

^

M

^

N = ) �

new

� w : � x

1

: A

1

: � � � � x

m

: A

m

: A ;

~

M ( w x

1

� � � x

m

) 2 [ ( w x

1

� � � x

m

) =v ] B

^

M = ) �

new

;

~

M 2 � v : A : B

fst

^

M = ) �

new

; fst

~

M 2 A

^

M = ) �

new

;

~

M 2 � v : A : B

snd

^

M = ) �

new

; snd

~

M 2
[ fst

~

M
=v ]

^

B
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Giv en �

1

; �

2

; �

x

, and

^

M , this de�nition suggests a simple recursiv e pro cedure for con-

structing

~

M ; B , and �

new

suc h that

^

M = ) �

new

;

~

M 2 B . Moreo v er,

~

M ; B , and �

new

are

uniquely determined, mo dulo t yp e con v ertibilit y and the c hoice of new v ariable names in

�

new

.

Example 5.40 L et our signatur e include q : ( a ! b ! c � ( d ! e )) � f . L et �

x

= [ y : i ; z : o ]

and

^

M = snd (( fst q ) M

1

M

2

) M

3

, for some terms M

1

; M

2

; M

3

. Then

^

M = ) �

new

; snd (( fst q ) ( w

1

y z ) ( w

2

y z ) ) ( w

3

y z ) 2 e

wher e

�

new

= [ w

1

: i ! o ! a ; w

2

: i ! o ! b ; w

3

: i ! o ! d ]

The prop ert y w e will mak e use of is

Prop osition 5.41 L et � = �

1

� v : A � �

2

, wher e A = � x

1

: A

1

: � � � � x

m

: A

m

: A

0

for an atomic

A

0

. L et � 2 �

�

and supp ose

� v =

�

�x

1

: A

0

1

: � � � �x

m

: A

0

m

: N

wher e N is a b o dy, and for a given b o dy

^

M , N �

^

M . Supp ose for some �

^

M

,

~

M , and B

^

M

,

we have (with r esp e ct to �

1

; �

2

and [ x

1

: A

1

; : : : ; x

m

: A

m

] )

^

M = ) �

new

;

~

M 2 B

^

M

L et

�

^

M

=
[ ( �x

1

: A

1

: � � � �x

m

: A

m

:

~

M ) =v ]

dom (�

1

) [ dom (�

new

) [ dom (�

2

)

dom (�)

and

�

^

M

= �

1

� �

new

� �

^

M

�

2

Then ther e is a �

0

such that � =

�

�

0

�

�

^

M

. F urthermor e �

0

c an b e chosen such that � � �

0

.

Pro of : Similar to the pro ofs of Prop ositions 4.59 and 4.64, although the actual construction

of �

0

is somewhat more complicated. Let f v

1

; : : : ; v

n

g = dom (�

new

). (The order will b e

unimp ortan t.) In the deriv ation of

^

M = ) �

new

;

~

M 2 B

^

M

, eac h v

j

is in tro duced in an

instance of the third rule of De�nition 5.39, whic h applies to an application

^

M

j

^

N

j

. (This

^

N

j

is replaced b y ( w

j

x

1

� � � x

m

).) As b efore, let f ^v

1

; : : : ; ^v

l

g = dom (�

1

) [ dom (�

2

) and � ^v

i

=

^

M

i

,

for 1 � i � l . Then the follo wing su�ces for �

0

:

[ ( �x

1

: A

0

1

: � � � �x

m

: A

0

m

: N

1

) =v

1

; : : : ; ( �x

1

: A

0

1

: � � � �x

m

: A

0

m

: N

n

) =v

n

;

^

M

1

= ^v

1

; : : : ;

^

M

l

= ^v

l

]
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2

The remaining p ossibilities are where the head of � v is among f x

1

; : : : ; x

m

g . In HOU

�

,

eac h of these p ossible heads leads to a single pro jection substitution. This is b ecause in �

�

,

ev ery w ell-t yp ed b o dy of atomic t yp e with the same head has the same top lev el structure.

In �

��

, ho w ev er, this is not the case. As a simple example, giv en a v ariable x : i � i , the

t w o terms fst x and snd x ha v e the same head but di�eren t top lev el structure. F ortunately

though, there is alw a ys a �nite set of \top lev el structures", as the follo wing prop osition

mak es precise.

Prop osition 5.42 Given c ontexts � and �

x

, with �

x

c ontaining a typing x

i

: A

i

, ther e is a

�nite set M

i

of terms such that for any b o dy N of atomic typ e in � � �

x

having he ad x

i

,

ther e is exactly one N

0

2 M

i

for which N � N

0

. Mor e over, we c an e�e ctively c onstruct such

a M

i

.

Pro of : W e use M

i

= bt ( x

i

; A

i

), where the function bt (\build template") is de�ned as

follo ws. First let 2 b e an arbitrary term (not necessary w ell-t yp ed). The idea here is that w e

are building up templates, represen ting top lev el structure equiv alence classes, while reducing

t yp e.

bt ( M ; A ) = bt ( M ; A

0

) if A wh

� �

1

�

2

A

0

bt ( M ; A

0

) = f M g if A

0

is atomic

bt ( M ; � x : A : B ) = bt ( M 2 ; B )

bt ( M ; � x : A : B ) = bt ( fst M ; A ) [ bt ( snd M ; B )

Then w e reason b y induction on the structure of A

i

. The reason w e can use an arbitrary

term 2 here is that w e will the mem b ers

^

M of these constructed M

i

in applications of

De�nition 5.39, where the o ccurrences of 2 will b e ignored. 2

Example 5.43 L et �

x

= [ y : a � b ; h : a ! b � ( c ! d ) ] . Then we c an use

M

1

= f fst y ; snd y g

M

2

= f fst ( h 2 ) ; snd ( h 2 ) 2 g

De�nition 5.44 L et the set H of terms b e

S

1 � i � m

M

i

, to gether with M

0

if he ad ( M

0

) is

a c onstant. (R e c al l that M

0

is the rigid b o dy in the chosen disagr e ement p air.) F or e ach

^

M 2 H , let �

^

M

; B

^

M

, and �

^

M

b e as in Pr op osition 5.41, and de�ne the uni�c ation pr oblem

Q

^

M

= h �

h

M ; �

^

M

�

�

0

; D [ fh [ ] ; A; B

^

M

igi



98 CHAPTER 5. PR ODUCTS

No w w e can state our transformation:

T ransformation 5.5 L et Q and H b e as ab ove. Then make the tr ansition

Q 7! f Q

^

M

j

^

M 2 H g

Prop osition 5.45 T r ansformation 5.5 is valid.

Pro of : Similar to the v alidit y pro of of T ransformation 4.4. 2

Example 5.46 L et � = [ f : a � b ! a ] , and

Q = h � ; �

id

�

; fh [ y : a ; z : b ] ; f ( y ; z ) ; y igi

L et �

x

= [ x : a � b ] Then H = f fst x; snd x g , and our set of appr oximating substitutions is

f [ �x : a � b : fst x=f ] ; [ �x : a � b : snd x=f ] g

The �rst of these is wel l-typ e d and wil l le ad to a solution. The se c ond is il l-typ e d and do es

not.

5.7 Completeness and Uni�abilit y

No w that w e ha v e our collection of v alid transformations, w e ha v e t w o remaining issues:

completeness of the com bined transformation, and uni�abilit y of solv ed form uni�cation

problems. The completeness pro of is similar to the pro of of Prop osition 4.73.

F or uni�abilit y , w e ha v e an additional complication o v er the pro of of Prop osition 4.75:

Flexible b o dies are not necessarily of the form v M

1

� � � M

m

, b ecause v migh t b e of pair-

pro ducing t yp e. F ortunately ho w ev er, w e ma y app eal to the v alidit y of T ransformation 5.4.

Let Q = h � ; �

0

; D i b e in solv ed form, and supp ose that � con tains a v ariable of pair-pro ducing

t yp e. Let f Q

0

g result from Q b y T ransformation 5.4. By correctness of that transformation,

Q has a solution i� Q

0

do es. (In fact they ha v e the same solutions, but this is not relev an t.)

W e then app eal to this argumen t un til there are no remaining v ariables of pair-pro ducing

t yp e. A t this p oin t, the pro of of Prop osition 4.75 applies.



Chapter 6

P olymorphism

In this c hapter, w e informally sk etc h an extension of the pre-uni�cation algorithm for �

��

to

a calculus �

�� �

with implicit p olymorphism, i.e. , t yp e v ariables but no explicit t yp e abstrac-

tion, and a v ery limited form of t yp e application. The resulting algorithm is, unfortunately ,

incomplete. Ho w ev er, considerable exp erience has sho wn it to b e useful in practice. F or

man y uni�cation problems of in terest, the algorithm do es indeed construct minimal com-

plete sets of pre-uni�ers, and the cases in whic h the algorithm is incomplete can alw a ys b e

detected.

6.1 The Language Extension

There are t w o c hanges in the language of t yp es. The �rst is the presence of t yp e v ariables,

whic h w e denote b y � and � . The second is that w e generalize t yp e constan ts to instan tiated

typ e c onstructors , whic h w e notate b y subscripting. T o reduce confusion b et w een terms and

t yp es, w e will often use \ a " instead of \ c " for t yp e constructors.

A ::= a

A

1

��� A

n

Similarly , constan t terms result from t yp e-instan tion of p olymorphic c onstants :

M ::= c

A

1

��� A

n

Of course, this calculus could b e made more uniform b y allo wing general application of

t yp es to t yp es and terms to t yp es, and b y ha ving corresp onding abstractions. The resulting

calculus, whic h w ould resem ble the second- or ! -order p olymorphic � -calculus [25, 24 , 65 , 45 ],

or the Calculus of Constructions [11], is v ery p o w erful computationally . Ho w ev er, uni�cation

is a topic for future researc h.

99
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6.1.1 Substitution and Con v ersion

The meaning of applying substitutions to terms, t yp es, and kinds carries o v er from De�ni-

tion 2.7, with the ob vious extensions. In particular, for instan tiated p olymorphic constan ts,

� ( c

A

1

��� A

n

) = c

� A

1

��� � A

n

As alw a ys, w e will generally write \ � " in place of \ � ".

There are no new reduction rules. The meanings of (a) !

�

�

for a reduction relation � ,

and (b) wh

� �

1

�

2

, are extended in the ob vious w a y . W eak head normal forms are the same as

b efore, except that a t yp e b o dy ma y also b e of the form a

A

1

��� A

n

, and a term b o dy ma y also

b e of the form c

A

1

��� A

n

.

6.1.2 T yping Rules

Signatures for this language assign kind and t yp e schemas to t yp e constructors and p oly-

morphic constan ts; w e write these as \� �

1

� � � �

n

: K " and \� �

1

� � � �

n

: A " where the only

t yp e v ariables o ccurring in K or A are among the �

i

. The instan tiation rules sho w ho w these

sc hema are in terpreted. Similarly to our abbreviations with � t yp es and kinds, w e will, e.g. ,

write \ T yp e ! L " in place of \� � : L " if � 62 F ( L ).

V alid Signatures In place of the rules in De�nition 2.29 for adding kind and t yp e con-

stan ts, w e ha v e

` � sig [ �

1

: T yp e ; : : : ; �

k

: T yp e ] `

�

K 2 T yp e a 62 dom (�)

` � � a : � �

1

� � � �

k

: K sig

` � sig [ �

1

: T yp e ; : : : ; �

k

: T yp e ] `

�

A 2 T yp e c 62 dom (�)

` � � c : � �

1

� � � �

k

: A sig

V alid T yp es

`

�

� con text a : � �

1

� � � �

k

: K 2 � � `

�

A

1

kind : : : � `

�

A

n

kind

� `

�

a

A

1

��� A

n

2 [ A

1

=�

1

; : : : ; A

n

=�

n

] K

`

�

� con text � : T yp e 2 �

� `

�

� 2 T yp e
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V alid T erms

`

�

� con text c : � �

1

� � � �

k

: A 2 � � `

�

A

1

kind : : : � `

�

A

n

kind

� `

�

c

A

1

��� A

n

2 [ A

1

=�

1

; : : : ; A

n

=�

n

] A

6.2 The T ransformations

Most of the transformations dev elop ed for HOU

��

are v alid for HOU

�� �

as w ell. Rather

than formally restating and pro ving ev ery transformation, w e will fo cus on what has to b e

c hanged.

The transformations for handling wh

� �

1

�

2

redices, abstractions and pairs, and pair-

pro ducing t yp es, i.e. , T ransformations 5.1, 5.2, and 5.4, carry o v er with their pro ofs un-

c hanged.

6.2.1 Rigid-rigid

The rigid-rigid case carries o v er with one c hange, whic h is to the de�nition of the rigid

decomp osition relation ;

rr

(De�nition 5.21). The new rules are, for t yp es,

h 	 ; a

A

1

��� A

n

; a

A

0

1

��� A

0

n

i ;

rr

f h 	 ; A

1

; A

0

1

i ; : : : ; h 	 ; A

n

; A

0

n

i g

and, for terms,

h 	 ; c

A

1

��� A

n

; c

A

0

1

��� A

0

n

i ;

rr

f h 	 ; A

1

; A

0

1

i ; : : : ; h 	 ; A

n

; A

0

n

i g

It is then simple to extend the pro of of Prop ositions 4.34 and 5.22 to this new de�nition

of ;

rr

.

It is w orth p oin ting out that w e b ene�t here from the use of w eak head normal form as

opp osed to the long ( � and � expanded) head normal form. The reason for this is eviden t

in the follo wing example:

Example 6.1 Consider the rigid-rigid disagr e ement p air

h [ g : i ! � ] ; g M ; g M

0

i

over a uni�c ation c ontext � with � 2 dom (�) . If our notion of top level structur e dep ende d

on the long he ad normal form, we c ould not say that applying a substitution to these rigid

terms le aves the top level structur e unchange d. Instantiating � to a functional typ e, say, i ! i ,

fol lowe d by the r e quir e d � -exp ansion, would r esult in

h [ g : i ! i ! i ] ; �x : i : g M x; �x : i : g M

0

x i
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6.2.2 T yp e Flexible-ri gid

With the addition of t yp e v ariables, w e no w ha v e 
exible t yp es. Our uni�cation algorithm

m ust then handle the t yp e 
exible-rigid case. This case is simpler than the corresp onding

case for terms, b ecause w e need only to consider imitations and not pro jections.

Giv en a uni�cation problem h � ; �

0

; D i , supp ose D con tains a 
exible-rigid t yp e disagree-

men t pair h 	 ; A; A

0

i or rigid-
exible t yp e disagreemen t pair h 	 ; A

0

; A i . Call this disagreemen t

pair P . Then A has the form � M

1

� � � M

m

, where � = �

1

� � : � x

1

: A

1

: � � � � x

m

: A

m

: K � �

2

.

Also, A

0

is either a � or � t yp e or has the form a

0

B

0

1

��� B

0

l

0

M

0

1

� � � M

0

m

0

. F or no w, w e will assume

the latter. Let � 2 �

�

and let � � b e

�x

1

: A

1

: � � � �x

m

: A

m

: a

B

1

��� B

l

N

1

� � � N

n

If � uni�es D , and hence P , then � A =

�

� A

0

� A

0

, so the WHNF of � A has head a

0

.

Ho w ev er, b ecause of the form of � � , the head of � A is a whether or not � is a uni�er, so

a = a

0

. Therefore, a single appro ximating substitution (an imitation) handles this case. Let

C

I

= �x

1

: A

1

: � � � �x

m

: A

m

: a

0

^

B

1

���

^

B

l

^

M

1

� � �

^

M

m

0

�

I

=

[ C

I

=� ]

dom (�

1

) [f �

1

;::: ;�

n

;v

1

;::: ;v

m

0

g[ dom (�

2

)

dom (�)

for \new" distinct t yp e v ariables �

1

; : : : ; �

n

62 dom (�) � f � g , where for 1 � k � l

^

B

k

= �

k

x

1

� � � x

m

and for new distinct term v ariables v

1

; : : : ; v

m

62 dom (�), where, for 1 � j � m

0

,

^

M

j

= v

j

x

1

� � � x

m

The kinds K

1

; : : : ; K

l

of �

1

; : : : ; �

l

, the t yp es C

1

; : : : ; C

m

0

of v

1

; : : : ; v

m

0

, and the kind K

I

of

C

I

are constructed similarly to De�nition 4.58. Then w e de�ne our new con text as

�

I

= �

1

� [ �

1

: K

1

; : : : ; �

l

: K

l

; v

1

: C

1

; : : : ; v

m

0

: C

m

0

] � �

2

F or the case that A

0

is a � or � t yp e, the construction is simpler. F or instance, supp ose that

A

0

= � u : B

0

: C

0

. Then w e w ould use

C

I

= �x

1

: A

1

: � � � �x

m

: A

m

: � u : �

1

x

1

� � � x

m

: �

2

u x

1

� � � x

m

F ollo wing the same reasoning as in Section 4.4.5, w e get

T ransformation 6.1 L et A; �

I

; K

I

, and �

I

b e as ab ove. Then make the tr ansition

Q 7! fh �

I

; �

I

�

�

0

; �

I

D ] fh [ ] ; K ; K

I

igig

(Note that we ar e now adding a kind disagr e ement p air. This r e quir es an obvious and very

simple extension to the rigid-rigid c ase, which hand les these disagr e ement p airs imme diately.)
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6.2.3 T erm Flexible-ri gid

W e adopt the 
exible-rigid transformation from HOU

��

, although it is incomplete in the

presence of p olymorphism. In this section, w e sho w under what conditions completeness is

lost. Extensiv e exp erience with � Prolog [54], whic h uses a similarly incomplete algorithm

(without dep enden t t yp es), has sho wn that these conditions are rare in practice, but do

o ccur.

Let our disagreemen t pair b e h 	 ; M ; M

0

i where M is a 
exible term b o dy with head

v and M

0

is a rigid term b o dy . Let the uni�cation con text � = �

1

� v : A � �

2

, where

A = � x

1

: A

1

: � � � � x

m

: A

m

: A

0

. In �

��

, w e made the assumption that A

0

is atomic,

1

but it is

no longer helpful to assume this, since A

0

migh t still b e instan tiated to a � t yp e. F or an y

� 2 �

�

, � v is con v ertible to a term

�x

1

: A

0

1

: � � � �x

m + k

: A

0

m + k

: N

where N is a b o dy or pair, and � A =

�

� x

1

: A

0

1

: � � � � x

m + k

: A

0

m + k

: A

0

0

where A

0

0

is atomic.

Again, w e consider the p ossibilities for N when � is a uni�er: If a pair, then since M

0

is a

rigid b o dy (not a pair), and � uni�es M and M

0

, N m ust b e con v ertible to a b o dy . Th us

without loss of generalit y w e can assume that N is a b o dy . Then as in Section 5.6.5, either

(a) N � M

0

and head ( M

0

) is a constan t, or (b) head( N ) = x

j

where 1 � j � m + k . Ho w ev er

for m < j � m + k , � w ould not b e a uni�er, since � reduction lea v es

�x

m +1

: A

0

m +1

: � � � �x

m + k

: A

0

m + k

: x

j

^

N

1

� � �

^

N

n

but head ( M

0

) is not x

j

. Th us it is su�cien t to consider only the �rst m pro jections.

The imitation substitution m ust b e generalized to accomo date p olymorphic t yp e con-

stan ts. The construction is as in the t yp e 
exible-rigid case ab o v e.

In HOU

��

, w e w ere able to re-express these p ossibilities as an equiv alen t condition on

uni�ers � that � =

�

�

0

�

�

b

for some constructed �

b

(Prop osition 5.41). A simple example

sho ws wh y this is harder with p olymorphism.

Example 6.2 L et our signatur e and uni�c ation c ontext b e

� = h c : � � : � ! � i

� = [ � : T yp e ; f : ( i ! i ) ! � ]

and c onsider the disagr e ement set h [ ] ; f ( �z : i : z ) ; c

�

i . F or pr oje ctions, as we have said, we

ne e d only c onsider the �rst. However the fol lowing appr oximating substitution

[ ( �g : i ! i : g ( f

1

g )) =f ]

1

W e extend \atomic" to include the form � M

1

� � � M

m

.
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is not su�cient, b e c ause then we would fail to �nd the fol lowing uni�er:

[ i ! i =� ; ( �g : i ! i : �y : i : g ( c

i

y )) =f ]

Similarly, if our appr oximating substitution wer e

[ ( �g : i ! i : c

( � g )

( f

1

g )) =f ]

then we would miss the solution

[ i ! i =� ; ( �g : i ! i : �y : i : c

i

( g y )) =f ]

Th us w e see that the 
exible-rigid transformation for HOU

��

can cause loss of uni�ers in

�

�� �

. F ortunately ho w ev er, no incorrect uni�ers are in tro duced, and minimali t y still holds.

F urthermore, w e can easily detect the cases that can lead to loss of uni�ers. One case that

causes loss of uni�ers is as in the example, in whic h the tar get typ e A

0

is 
exible (has a t yp e

v ariable as head. The other is when the head b b eing used to build up the appro ximating

substitution has a 
exible target t yp e.



Chapter 7

Applications

This c hapter explores applications of the pre-uni�cation pro cedures w e dev elop ed in the

preceding c hapters. These applications all ha v e in common that they use a t yp ed � -calculus

as a meta-language , i.e. , a calculus in whic h to enco de other languages, whic h w e will call

obje ct-languages . The ric h structure of a t yp ed � -calculus as opp osed to the traditional,

�rst-order abstract syn tax trees allo ws us to express rules, e.g. , program transformation and

logical inference rules, that are more succinct, more p o w erful, and easier to reason ab out.

W e can then use uni�cation in the meta-language to mec hanize application of these rules.

As w e will demonstrate in the examples b elo w, there are three primary b eni�ts of this

kind of meta-language.

� By exploiting the � of the meta-language, and its corresp onding functional t yp e, one

can directly capture the scoping rules of man y ob ject-languages. As w e will see, this

allo ws for ob ject-language indep enden t mec hanisms ( � -reduction and � -con v ersion)

for substitution and b ound v ariable renaming that w ork correctly for ev en the binding

constructs of a (correctly enco ded) ob ject-language.

� Using dep enden t t yp es, when the ob ject-language is a logic (an obje ct-lo gic ) one can

capture the theorem/pro of relationship, as con vincingly demonstrated b y the w ork on

the Logical F ramew ork [30]. This allo ws for ob ject-logic indep enden t pro of c hec king

and in teractiv e pro of construction, but also some degree of automated theorem pro ving,

giv en a suitable uni�cation-based language, suc h as Elf [58 ].

� Again, using the dep enden t features of the t yp e system, w e can in ternalize ob ject-

language t yping rules, so that only ob ject-language terms that are w ell-t yp ed according

the the ob ject-language t yping rules ha v e meta-language represen tations that are w ell-

t yp ed acording to the meta-language t yping rules. This prop ert y allo ws for ob ject-

language indep enden t mec hanism s for ob ject-language t yp e c hec king and inference.

105
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W e will often refer to this kind of enco ding as \higher-order abstract syn tax" (HO AS) in

constrast with (�rst-order) abstract syn tax trees, when w e are emphasizing the �rst of these

b ene�ts, and \dep enden t HO AS" when emphasing the others.

The general idea go es bac k to Ch urc h, who expressed all of the binding constructs of

higher-order logic in terms of the � of the simply t yp ed � -calculus [8]. The use of second-

order matc hing and substitution for transformation of programs represen ted in the simply

t yp ed � -calculus w as suggested in [37]. In recen t y ears the idea has app eared in sev eral

guises: In Isab elle [56, 57 ] the syn tax of logics are enco ded as simply t yp ed terms and their

inference rules are enco ded as form ulas in in tuitionistic higher-order logic. In � Prolog the

represen tation is enric hed to include implici t p olymorphism, and the logic programming

framew ork allo ws one to program con trol of the selection and application of rules [50]. In

LF [30] a � -calculus with dep enden t t yp es is used as a meta-logic to enco de the \language

of a logic, its axiom and rule sc hemes, and its pro ofs", but uni�cation is not used. In [60]

the v alue of pro ducts together with p olymorphism is demonstrated. The basic idea is also

presen t in Martin-L• of 's system of arities [43].

7.1 Some Motiv ating Examples

In this section w e highligh t some of the problems that arise in matc hing and substitution

due to the presence of binding constructs in a language. Almost all languages ha v e these

binding constructs, though sometimes they are not imme diately apparen t. F or example, in

Prolog the \free" v ariables in a clause are actually b ound o v er that clause, since they are

clearly distinct from v ariables with the same name in other clauses. A function de�nition

stated as f ( x ) = b actually binds x and f (see the b eginning of Section 7.3.2).

The rules w e presen t throughout this pap er are stated without an y semantic side condi-

tions suc h as strictness or termination. Dep ending on the language seman tics (in particular,

call-b y-name vs call-b y-v alue), suc h conditions ma y still b e necessary to ensure seman tic

equiv alence b et w een the transformed programs. Ho w ev er, it should b e noted that in all

the examples the syntactic side conditions on the rules disapp ear without compromising the

v alidit y of the rule.

7.1.1 Correct Matc hing and Substitution

This problem of v ariable capture is v ery common. It app ears in t w o di�eren t forms: during

matc hing and during substitution. Consider the rule of let -con v ersion

1

:

\ let x = e in b " , \[ e=x ] b "

1

W e use quotation marks, \ : : : ", to distinguish concrete syn tax from represen tations.
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Here are t w o incorrect applications of this rule. Note that reading them from righ t to

left sho ws the problem of doing correct matc hing against \[ e=x ] b ".

\ let x = y in let y = 5 in x � y " /, \ let y = 5 in y � y "

\ let x = 5 in let x = x � x in x " /, \ let x = 5 � 5 in 5 "

What is required for correct substitution is recognition of name con
icts and renaming

of b ound v ariables. If this rule is read from righ t-to-left, it is clear that there are man y

p ossible w a ys of abstracting an expression from a program, and that therefore straigh tforw ard

matc hing on any represen tation w ould b e v ery non-deterministic. In a situation lik e this the

solution is to partially instan tiate the pattern b efore matc hing.

7.1.2 V ariable Occurrence Restriction

V ariable o ccurrence restrictions again require renaming of b ound v ariables during substitu-

tion, or failure of matc hing. The follo wing example is tak en from a formalization of a natural

deduction system to sho w the v ariet y of circumstances in whic h these problems o ccur.

\

� ` P

� ` 8 xP

8 I where x not free in � "

If this rule is used b y matc hing against the lo w er line, the restriction on x m ust b e c hec k ed

separately . Ideally , x w ould b e renamed to a new v ariable if x is already free in �. If the

rule is used in the other direction, it should simply not matc h if x app ears in �. As w e will

see in Section 7.5, rules incorp orating o ccurrence conditions can b e form ulated easily and

applied correctly using higher-order abstract syn tax.

Note that in a system that uses �rst-order abstract syn tax, not only m ust the rule b e

conditional, but the language implem en tor m ust someho w de�ne a predicate not-free-in for

the language in question.

7.1.3 Correct T reatmen t of Con texts

Man y program transformation rules can b e stated naturally through the use of c ontexts .

Correct applications of these rules, ho w ev er, is tric ky . F or example, a rule propagating

computation in to the branc hes of an if expression could b e written as

\ C [ if p then a else b ]" , \ if p then C [ a ] else C [ b ] "

Consider the follo wing incorrect application.



108 CHAPTER 7. APPLICA TIONS

\ let p = false in if p then 1 else 2 " /,

\ if p

then let p = false in 1

else let p = false in 2"

As noted in [52 ] syn tactic conditions on C are di�cult to form ulate if one wishes to

eliminate the p ossibilit y of incorrect rule application as in the example. The use of higher-

order abstract syn tax solv es this problem b y allo wing the statemen t of the rule as ab o v e,

but automatically prohibiting the incorrect use b elo w without an y additional conditions.

7.1.4 Ob ject-language T yping

F or t yp ed ob ject-languages, correct form ulation of rules often require taking ob ject-t yp es

in to accoun t. F or example, consider the follo wing rule of existen tial in tro duction:

\

A ` [ t=x ] P

A ` 9 x : � : P

9 I where t has t yp e � "

T o formalize a rule lik e this without dep enden t t yp es w ould require a mec hanism for de�ning

and c hec king ob ject-language t yping. Ho w ev er, ev en this w old b e insu�cien t in practice. A

v ery con v enien t w a y to use this kind of rule, in a uni�cation based language as discussed

in [23 , page 8], is to in tro duce a new uni�cation v ariable, whic h will b e instan tiated later,

when the desired v alue for t b ecomes kno wn. W e w ould lik e the condition that the in-

stan tiation term t m ust ha v e ob ject-t yp e � to act as a constrain t to reduce the p ossible

instan tiations rather than as a �lter to reject the c hoices later, as the latter can lead to m uc h

more searc h.

7.2 A Con v enien t Notation

The calculus notation used in the previous c hapters w orks v ery w ell for formal manipulation,

but can b e impro v ed on for ease of reading and writing. Consider the follo wing the follo wing

function for rev ersing a pair:

�z : i � o : snd z ; fst z

Man y mo dern functional programming languages pro vide a con v ert notation for functions

that op erate on structured information [6, 29, 74 ]. In the fashion of these languages, w e can

write the ab o v e as

� ( x; y ) : i � o : y ; x

W e will use suc h expressions in the examples of this c hapter, as an abbreviation for terms

lik e the previous one (that binds z ).
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7.3 Language Represen tation

In this section w e demonstrate ho w to use �

�� �

as a meta-language for enco ding t yp ed

programming languages. (It is simpler to represen t un t yp ed languages, whic h is a degenerate

case.)

7.3.1 A Simple Expression Language

W e b egin with a simple language of expressions giv en b y the follo wing grammar:

e ::= v

j 0 j 1 j : : :

j true j false j nil

j e + e j e � e j e :: e j e = e j : : :

j hd ( e ) j tl ( e ) j : : :

j if e then e else e

F or no w, t yp es in this language will b e simply in teger, b o olean, and lists of elemen ts of the

same t yp e:

tp ::= in t

j b o ol

j tp list

There is a lot of 
exibilit y in c ho osing ho w to represen t suc h a language, and w e giv e

one p ossibilit y . What w e mean b y c ho osing a represen tation for an ob ject-language L is

constructing a signature �

L

and a corresp ondence b et w een expressions in L and terms in

the meta-language (in this case �

�� �

). W e will b e informal ab out what this corresp ondence

is, prefering to describ e it b y means of examples. First w e m ust c ho ose a represen tation of

ob ject-language t yp es, and so in tro duce a (meta-language) t yp e constan t

tp : T yp e

Then, to represen t the ob ject-t yp es, add the follo wing new constan ts

2

int ; b o ol : tp

list : tp ! tp

F or example, the ob ject-t yp e \ in t list " is represen ted b y ( list int ).

2

F or brevit y in sp ecifying signatures, w e use \ c ; c

0

: A " as an abbreviation for \ c : A; c

0

: A ". Also, for

readabilit y , w e stac k these t ypings v ertically rather than presen ting them linearly and separating them b y

commas.
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Next w e need a t yp e to represen t expressions. In fact, w e will use a t yp e family , indexed

b y ob ject-t yp e:

e : tp ! T yp e

The idea is that the meta-language t yp e ( e s ) is the t yp e of terms represen ting w ell-t yp ed

ob ject-language expressions whose ob ject-t yp e is represen ted b y s . As it turns out, it is

imp ortan t to represen t ob ject-language v ariables directly as meta-language v ariables. T o

construct represen tations of other expressions, w e b egin b y in tro ducing constan ts for basic

in teger and b o olean v alues. Bo oleans are straigh tforw ard:

true ; false : e b o ol

Num b er expressions are constructed b y a \co ercion" constan t:

num : integer ! e int

where integer is the t yp e of in tegers (as opp osed to in teger expressions). The other basic

v alue, the empt y list, exists for all list ob ject-t yp es, so w e will use a constan t of functional

t yp e. Here w e ha v e our �rst use of dep endent function t yp es:

nil : � s : tp : e ( list s )

F or instance, the empt y in teger list is represen ted b y ( nil int ). Next w e add constan ts for all

of the \built-in" op erations of the language, e.g. ,

plus ; times : e int ! e int ! e int

gtr : e int ! e int ! e b o ol

and ; o r : e b o ol ! e b o ol ! e b o ol

Again, w e m ust handle the ob ject-t yp e p olymorphism of op erators lik e equalit y and list cons:

equal : � s : tp : e s ! e s ! e b o ol

cons : � s : tp : e s ! e ( list s ) ! e ( list s )

Similarly for conditional expressions:

ite : � s : tp : e b o ol ! e s ! e s ! e s

Example 7.1 The expr ession \ if a > b then a else b ", wher e a and b ar e inte ger variables,

is r epr esente d

ite int ( gtr a b ) a b

By using dep enden t t yp es in our represen tation, w e ha v e internalize d the t yping rules

of the ob ject-language. Th us for eac h w ell-t yp ed term s of t yp e tp , there is a one-to-one

corresp ondence b et w een long normal form terms of t yp e ( e s ) and w ell-t yp ed ob ject-language

expressions whose t yp e is represen ted b y s . (See [30] for a de�nition of these normal forms

and a rigorous accoun t of the corresp ondence.) A fortunate consequence is that when these

tec hniques apply , ob ject-language t yp e c hec king is reduced to meta-language t yp e c hec king,

whic h ma y b e implem en ted once, indep enden tly of an y ob ject-language. Ho w ev er, in order

to accomplish this, the represen tation has to con tain m uc h more information.
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Example 7.2 The r epr esentation of \ (1 :: 2 :: nil ) = (2 :: 1 :: nil ) " is

equal ( list int )

( cons int ( num 1) ( cons int ( num 2) ( nil int )))

( cons int ( num 2) ( cons int ( num 1) ( nil int )))

F ortunately , as w e will see in Section 7.4, this extra information can usually b e automatically

generated.

No w w e will add a statically scop ed v ariable binding expression:

e ::= let v = e in e

It will b e imp ortan t to directly capture the scop e of this v ariable binding. In general, w e

do this b y using the meta-language � for all statically scop ed binding constructs. In the

represen tation of a let expression, w e will need to tak e in to accoun t the ob ject-t yp e of the

expression b eing b ound to the v ariable and of the whole expression:

let : � s : tp : � t : tp : ( e s ! e t ) ! e s ! e t

Example 7.3 The expr ession \ let x = 2 in x > 1 " is r epr esente d

let int b o ol ( �x : e int : gtr x ( num 1)) ( num 2)

Note that although this let is (ob ject language) p olymorphic, it is not \genericly p olymor-

phic" as is ML [51 , 7].

In languages with this kind of binding construct, suc h as ML [29 ], Sc heme [72], and

Lisp [71], it is often p ossible to bind man y v ariables in parallel, so that the general form is

instead

e ::= let v = e; : : : ; v = e in e

One w a y of dealing with this 
exibilit y is to ha v e an in�nite (or for practical purp oses,

reasonably large) family of constan ts. F or eac h n � 0, w e w ould declare

let

n

: � s

1

: tp : � � � � s

n

: tp : � t : tp : ( e s

1

! � � � ! e s

n

! e t ) ! e s

1

! � � � ! e s

n

! e t

Aside from the general a wkw ardness of this approac h, it has the serious dra wbac k that eac h

rule for manipulating let expressions m ust also ha v e an in�nite n um b er of v ersions. These

problems ma y b e a v oided b y using pair t yp es and p olymorphism in our represen tation:

let : � �: � t : tp : ( � ! e t ) ! � ! e t

where w e will instan tiate � to a t yp e of the form ( e s

1

� � � � � e s

n

). (This abilit y w as our

original motiv ation to explore higher-order uni�cation with pair t yp es.)
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Example 7.4 The expr ession \ let n = 1 ; b = true in b and n > 0 " is r epr esente d (using

the varstruct notation intr o duc e d in Se ction 7.2)

let

e int � e b o ol

b o ol ( � ( n; b ) : e int � e b o ol : gtr n ( num 0)) ( num 1 ; true )

There is a theoretical problem with this represen tation, ho w ev er. In the t yp e of let , there

is no simple w a y to restrict the t yp e parameter � to b e instan tiated to t yp es of the form

( e s

1

� � � � � e s

n

). As a consequence, there are w ell-t yp ed LNF meta-language terms of t yp e

( e s ) that do not corresp ond to terms in our ob ject-language. W e will sho w ho w to eliminate

this problem in Section 7.3.3.

7.3.2 Adding Programs

In the previous section w e dev elop ed a simple language of t yp ed expressions. W e no w extend

it to a language of recursiv e function de�nitions of a simple form:

p ::= rec v ( v ; : : : ; v ) = e; : : : ; v ( v ; : : : ; v ) = e

and add a form of expression for in v oking a de�ned function

e ::= v ( e; : : : ; e )

Observ e that a program ma y in v olv e an y n um b er of function de�nitions, and eac h function

ma y tak e an y n um b er of argumen ts. Again w e will use p olymorphism:

rec : � �: ( � ! � ) ! �

Example 7.5 Consider the fol lowing simple list r eversal pr o gr am

rec r ev ( l ) = r a ( l ; nil ) ;

r a ( l ; z ) = if n ull ( l ) then z else r a ( tl ( l ) ; hd ( l ) :: z )

The c omplete r epr esentation (se e b elow for the values of A and B ) is

rec

A

( � ( r ev ; r a ) : A : (( �l : B : r a ( l ; nil s )) ;

( � ( l ; z ) : B � B : ite ( list s ) ( null s l ) z ( r a ( tl s l ; cons s ( hd s l ) z ))))

wher e s is an arbitr ary term of typ e tp , and

A = ( B ! B ) � ( B � B ! B )

B = e ( list int )
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7.3.3 Syn tactic Judgmen ts

The enco dings in the previous section that use p olymorphism are to o lib eral, in that they

allo w for w ell-t yp ed terms that do not corresp ond to legitimate expressions. Consider again

the constan t used in represen ting parallel binding let expressions:

let : � �: � t : tp : ( � ! e t ) ! � ! e t

Our in ten t is that the t yp e argumen t to let b e of the form ( e s

1

� � � � � e s

n

), for ob ject-t yp es

s

1

; : : : ; s

n

.

3

Ho w can this in ten t b e enforced, so that non-legitimate let expressions do not

ha v e w ell-t yp ed enco dings?

Our solution is similar to Mason's tec hnique of \syn tactic judgmen ts" used in the enco d-

ing of Hoare logic [2, 44 ]. One problem in represen ting Hoare logic is that there are b o olean

expressions (used in constructing statemen ts of the imp erativ e programming language) and

�rst-order form ulas (used in assertions), and the b o olean expressions are iden ti�ed with the

quan ti�er-free �rst-order form ulas. Mason's represen tation uses a (syn tactic) judgmen t QF

indexed o v er the t yp e o of form ulas, and declares, e.g. , the conditional statemen t constructor

as

if : � e : o : QF e ! w ! w ! w

where w is the t yp e used for represen ting statemen ts. That is, if no w tak es an additional

argumen t, whic h is a pro of that the �rst argumen t is a quan ti�er-free expression. The

signature is extended to include constan t declarations that enco de an inference system for

pro ving form ulas to b e quan ti�er-free, e.g. ,

QF

2

: � e : o : QF e ! QF ( : e )

This constan t represen ts the rule that : e is quan ti�er-free if e is. He also uses a syn tactic

judgmen t for non-in terference conditions.

Our situation is sligh tly di�eren t, b ecause w e w an t to restrict t yp e argumen ts, rather

than term argumen ts, but the essen tial idea is the same. W e in tro duce a syn tactic judgmen t

ok : T yp e ! T yp e

The in ten t is that, for a giv en t yp e � , there is a term of t yp e ok

�

i� � is of the appropriate

form. This in ten t is formalized via the follo wing declarations

ok e : � s : tp : ok

( e s )

okx : � � � : ok

�

! ok

�

! ok

� � �

W e w ould then replace the old t yping for let b y

let : � �: ok

�

! � t : tp : ( � ! e t ) ! � ! e t

3

F or uniformit y , w e migh t lik e to allo w n = 0. This w ould b e neatly handled b y in tro ducing the unit

t yp e.
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Example 7.6 R eturning to Example 7.4, the expr ession

\ let n = 1 ; b = true in ( b and n > 0) "

is now r epr esente d as

let

e int � e b o ol

( okx

e int ; e b o ol

( ok e int ) ( ok e b o ol ))

b o ol

( � ( n; b ) : e int � e b o ol : and b ( gtr n ( num 0)))

( num 1 ; true )

As discussed in [44] in reference to the represen tation of quan ti�er-freeness and in ter-

ference, all pro ofs of a giv en syn tactic judgmen t ( i.e. , terms of the represen ting t yp e) are

con v ertible, and moreo v er could b e constructed automatically . This is signi�can tly di�eren t

from the pro cess of term infer enc e de�ned in Section 4.7 and illustrated in the next section,

where uni�cation is su�cien t for inferring terms. Automatically pro ving syn tactic judgmen ts

requires searc hing for constan ts of relev an t t yp es and recursiv ely trying to construct their ar-

gumen t terms. A v ery elegan t framew ork for this kind of automatic pro of term construction

is pro vided b y Pfenning's programming language Elf , whic h \uni�es logic de�nition (in the

st yle of LF) with logic programming (in the st yle of � Prolog)" [58 ]. (As describ ed in [58], Elf

do es not allo w p olymorphism. Ho w ev er, the impleme n tation curren tly under dev elopmen t

at Carnegie Mellon Univ ersit y is based on our protot yp e implem en tation of HOU

� �

( HOU

�� �

without � t yp es), and so do es allo w p olymorphism.)

W e can use a similar syn tactic judgmen t for restricting the t yp e argumen t of rec :

okr : T yp e ! T yp e

The restriction w e w an t to enforce here is that a giv en t yp e is of the form �

1

� � � � � �

m

,

where eac h �

i

is of the form ( e s

1

� � � � � e s

n

) ! e t . Our formalization mak es use of the

previous syn tactic judgmen t ok :

okro : � �: ok

�

! � t : tp : okr

� ! e t

okrx : � �� : okr

�

! okr

�

! ok

� � �

The new v ersion of rec is then

rec : � �: okr

�

! ( � ! � ) ! �

7.4 Ob ject-language T yp e Chec king and Inference

The example language enco dings in the previous section con tain a lot of information that

is not directly presen t in the concrete syn tax. This extra information is in the form of

argumen ts of t yp e tp , i.e. , ob ject-t yp es. F ortunately , these argumen ts can b e syn thesized

automatically b y using the term inference algorithm de�ned in Section 4.7. The follo wing

v ery simple example illustrates ho w and wh y this pro cess w orks.
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Example 7.7 Consider the expr ession \ 1 :: nil ". We b e gin by c onstructing a \p artial r ep-

r esentation ", in which the obje ct-typ e c omp onents ar e just new distinct uni�c ation variables

of typ e tp :

cons s

1

( num 1) ( nil s

2

)

We then apply term infer enc e, which, r e c al l, is a c ombination of typ e-che cking and uni�c a-

tion. In this pr o c ess, we disc over the typings

`

�

cons s

1

2 e s

1

! e ( list s

1

) ! e ( list s

1

)

`

�

num 1 2 e int

so we unify ( e s

1

) with ( e int ) . Next the pr o c ess disc overs that

`

�

cons int ( num 1) 2 e ( list int ) ! e ( list int )

`

�

nil s

2

2 e ( list s

2

)

and so we unify e ( list int ) with e ( list s

2

) . We then instantiate our original enc o ding to

( cons int ( num 1) ( nil int ))

which has typ e ( list int ) .

The previous example required only v ery simple �rst-order uni�cations. An ob ject-

language whose t yp e inference problem requires truly higher-order uni�cation is the p oly-

morphic � -calculus [25, 24 , 65, 45 ], whic h w e will refer to as \ �

�

".

4

The undecidabilit y of

this t yp e inference problem for ev en the second-order p olymorphic � -calculus w as sho wn b y

Bo ehm in [4 ], b y reducing it to second-order uni�cation. In [59], Pfenning sho ws a more gen-

eral con v erse, namely that partial t yp e inference for the n th order p olymorphic � -calculus

reduces to n th order uni�cation. He then giv es an implem en tation in � Prolog, based on an

enco ding of �

�

in �

! �

( �

!

plus implici t p olymorphism). If instead w e enco de �

�

in �

� �

, w e

can use �

� �

term and t yp e inference to do �

�

t yp e inference. (T o enco de the second-order

p olymorphic � -calculus, meta-language p olymorphism is not necessary , so �

�

term inference

su�ces.)

7.5 Program T ransformation

No w that w e ha v e explored represen ting languages, w e w an t to construct and apply pro-

gram transformation rules. T o do so, w e will also need to in tro duce concrete syn tax for

4

Note that w e mean what is sometimes referred to as \partial t yp e inference", in whic h w e are only

allo w ed to �ll in t yp es, but not construct new t yp e abstractions and applications.
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the � -calculus abstraction, application, and pairing. W e will use the follo wing additional

expressions:

e ::= �v

1

; : : : ; v

n

: e

j e

1

[ e

2

]

j e

1

; e

2

W e express the concrete syn tax of rules in the form

\ LHS " , \ RHS "

and their meta-language represen tation as

� ` M , N

where � pro vides t yp es for the v ariables in M and N , whic h are the represen tations of LHS

and RHS .

Let Con v ersion

W e start with the rule of let-con v ersion. It is simply

\ let x = a in b [ x ] " , \ b [ a ]"

whic h is represen ted as

[ � : T yp e ; q : ok

�

; s : tp ; b : � ! e s ; a : � ] ` let

�

q s ( �x : �: b x ) a , b a

W e can matc h the left hand side of this rule against, for example, the term from Example 7.6

giving the substitution

[ e int � e b o ol =� ;

( okx

e int ; e b o ol

( ok e int ) ( ok e b o ol )) =q ;

b o ol =s ;

( � ( n; b ) : e int � e b o ol : gtr n ( num 0)) =b ;

( num 1 ; true ) =a ]

W e could ev en apply this rule from righ t to left, but w e w ould ha v e to sp ecialize it �rst

to reduce the nondeterminism to a manageable lev el. F or instance, w e could instan tiate the

t yp e v ariable � to e , sa ying that w e w an t to in tro duce one v ariable in the let . (Lea ving

s uninstan tiated, w e lea v e op en the ob ject-t yp e of the in tro duced v ariable.) Matc hing this
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sp ecialization of the RHS against the term 2 + 3 � 2 giv es sev eral substitutions, resulting in

the follo wing corresp onding instances of the LHS:

let x = 2 + 3 � 2 in x

let x = 2 in x + 3 � x

let x = 2 in x + 3 � 2

let x = 3 � 2 in 2 + x

let x = 3 in 2 + x � 2

let x = 2 in 2 + 3 � x

let x = a in 2 + 3 � 2

Of course this rule assumes a call-b y-name seman tics. A call-b y-v alue v ersion w ould ha v e

an attac hed seman tic condition that a terminates or b is strict. Otherwise the rule can gain

termination applied from left to righ t.

Con text Propagation

Let us no w return to the example from Section 7.1.3:

\ c [ if p then a else b ]" , \ if p then c [ a ] else c [ b ] "

Using higher-order abstract syn tax, the v ariable c simply b ecomes a second-order v ariable.

Higher-order matc hing ensures that b ound v ariables cannot lea v e their scop e. The represen-

tation of this rule is

[ s : tp ; t : tp ; a : e s ; b : e s ; p : e b o ol ; c : e s ! e t ] ` c ( ite s p a b ) , ite s p ( c a ) ( c b )

On the other hand, there are similar con v ersions that w e w ould lik e to do, but whic h are

not co v ered b y this rule. F or instance, it is correct to transform the expression

let x = y � y in

let z = x � y in

if y > 0 then z else x

in to

if y > 0

then let x = y � y in let z = x � y in z

else let x = y � y in let z = x � y in x
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This do es not matc h the con text propagation rule from ab o v e, since a substitution lik e

[ z =a ] w ould b e captured b y the binding on z . A general solution in a case lik e this is to

r aise the order of the rule through explicit abstraction. This solution is inspired b y P aulson's

8 -lifting [56 ], whic h w as disco v ered indep enden tly b y Miller and called raising [48]. Both

increase the order of some of the v ariables in v olv ed. Raising requires that w e b e able to

explicitly men tion the \ l " of the l -calculus represen tation in the pattern. The follo wing is a

raised v ersion of con text propagation.

\ c [ �u : if p then a [ u ] else b [ u ] ]" , \ if p then c [ �u: a [ u ]] else c [ �u : b [ u ]] "

A matc h of this pattern against its motiv ating example is giv en through the substitution

[ e int � e int =� ; y > 0 =p ; �u; v : v =a ; �u; v : u=b ;

�f : \ let x = y � y in let z = x � y in f [ x; y ] " =c ]

Again note the use of p olymorphism in the rule description, and the instan tiation of t yp e

v ariables to pro duct t yp es, to capture the fact that this rule should apply to an y n um b er of

b ound v ariables that ma y app ear in the branc hes of the if , but not in the test p .

This also illustrates ho w v ariable o ccurrence conditions b ecome unnecessary . The fact

that p could not dep end on an y v ariable b ound in the con text is implici t in the form ulation

of the rule.

Condition Propagation

Another useful rule that is handled easily in our framew ork is that of c ondition pr op agation :

when ev aluating the then branc h of a conditional expression, w e kno w that the test suc-

ceeded, and when ev aluating the else branc h, w e kno w it failed. W e can use this to simplify

the sub expressions.

The w a y w e use this idea in an expression \ if p then a else b " is to replace some instances

of p in a b y true and some instances of p in b b y false .

5

The higher-order term structure

lets us do this v ery naturally:

\ if p then a [ p ] else b [ p ] " , \ if p then a [ true ] else b [ false ] "

Unfolding

The unfold rule, describ ed in [5], transforms a set of m utually recursiv e function de�nitions,

b y replacing a call to one of the functions b y that function's b o dy , with formal parameters

5

This form ulatio n is due to Tim F reeman.
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replaced b y actual parameters. The rule b elo w is a v ery general v ersion of unfold that

can sim ultaneously unfold an y subset of the de�ned functions at an y subset of their calling

instances. In practice, w e w ould probably w an t to sp ecialize this rule b efore applying it. As

alw a ys, the v alidit y of all sp ecializations are insured b y the v alidit y of the general rule. In

concrete syn tax, it is

\ rec f = b [ f ][ f ]" , \ rec f = b [ b [ f ][ f ]][ f ]"

(In a call-b y-v alue seman tics, this rule migh t gain termination.) The w a y this w orks is that

the uses of all of the functions (represen ted en masse b y f ) will b e partitioned in an y matc h

b et w een the �rst and second argumen t of b . Its represen tation is

[ � : T yp e ; q : ok

�

; b : � ! � ! � ] ` rec

�

q ( �f : � : b f f ) , rec

�

q ( �f : � : b ( b f f ) f )

As an example, consider the follo wing program, whic h arises part w a y in to the deriv ation of

an e�cien t program for list-rev ersal. W e use \ l @ l

0

" for the result of app ending the lists l

and l

0

, and \ a :: l " for the new list made up of a follo w ed b y the elemen ts of the list l .

rec r ev ( u ) = if null ( u ) then nil else r ev ( tl ( u )) @ ( hd ( u ) :: nil ) ;

r a ( u; v ) = r ev ( u ) @ v

The represen tation of this program is

rec

A

M ( � ( r ev ; r a ) : A : ( �u : e : ite ( null u ) nil ( app ( r ev ( tl a ))( cons ( hd u ) nil ))) ;

( �u : e ; v : e : app ( r ev u ) v ))

Where

A = ( B ! B ) � ( B � B ! B )

B = e ( list s )

M = okrx

( B ! B ) ; ( B � B ! B )

( okro

B

( ok e s ) s ) ( okro

B � B

( okx

B ;B

( ok e s ) ( ok e s )) s )

and s is a v ariable of t yp e tp . W e can tell at once that the t yp e part of the unifying

substitution m ust b e

[ ( B ! B ) � ( B � B ! B ) =� ]

There are t w o applications of r ev and none of r a . There are th us four p ossible rewritings,

dep ending on whether eac h of the t w o calls is unfolded. The one that unfolds just the second

call giv es the new program

rec r ev ( u ) = if null ( u ) then nil else r ev ( tl ( u )) @ ( hd ( u ) :: nil ) ;

r a ( u; v ) = ( if null ( u ) then nil else r ev ( tl ( u )) @ ( hd ( u ) :: nil )) @ v

W e can then simplify the b o dy of r a using simpli�cation rules for lists.
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7.5.1 Subterm Rewriting

A v ery useful abilit y in program transformation and theorem pro ving is rewriting one or

more sub expressions of a giv en expression according to a set of simpli�cation rules. F or ex-

ample, simple program deriv ations are often unfolding, follo w ed b y simpli�cation, follo w ed

b y folding. Similarly , simple pro ofs are often induction accompanied b y simpli�cation [55].

Higher-order abstract syn tax and uni�cation pro vides a simple w a y to do suc h sub expres-

sion rewriting. Supp ose our simpli�cation rule set consists of the follo wing facts ab out list

app ending:

( a :: l ) @ l

0

= a :: ( l @ l

0

)

nil @ l = l

W e can mak e these in to a single rule, capable of rewriting sub expressions as follo ws:

\ f [( a :: l ) @ l

0

][ nil @ l

00

]" , \ f [ a :: ( l @ l

0

)][ l

00

]"

Note that w e had to rename l to l

00

from the second simpli�cation rule to a v oid in terference

with the �rst.

This metho d w orks, but it has t w o dra wbac ks. The �rst is that it cannot rewrite di�eren t

sub expressions of the same LHS pattern. F or instance, in the expression

\ length ( nil @ u ) � length ( nil @ v )"

w e could rewrite \ nil @ u " to \ u " or \ nil @ v " to \ v ", but not b oth. This problem is not v ery

serious, since w e could just do the sub expression rewriting rep eatedly . The second problem,

ho w ev er, is more serious, and is related to the problem with the simple v ersion of con text

propagation for conditionals (Section 7.1.3). Consider an expression lik e

\ let u = 1 :: 2 :: nil in nil @ u "

Our rule ab o v e cannot matc h this expression non trivially b ecause the sub expression \ nil @ u "

con tains a v ariable, u , that is b ound b et w een the top of this expression and the top of the

sub expression. The solution to b oth problems is, again, to use a third-order rule:

\ f [ �a : �l : �l

0

: ( a :: l ) @ l

0

][ �l: nil @ l ]" , \ f [ �a: �l : �l

0

: a :: ( l @ l

0

)][ �l: l ]"

W e call this the r aising of the t w o �rst-order rules.

6

T o see ho w a rule lik e this w orks,

consider matc hing its LHS against the expression

\ nil @ ( let u = nil @ (1 :: 2 :: nil ) in (1 :: u ) @ (4 :: nil ))"

W e w ould get eigh t p ossible v alues for f , one of whic h is

\ �g : �h : h [ let u = h [1 :: 2 :: nil ] in g [1][ u ][4 :: nil ] ]"

6

The represen tation of this rule w ould require f to ha v e three additional tp argumen ts, whic h w e lea v e

implicit in the concrete syn tax.
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whic h w ould cause the RHS to b e instan tiated to

\ let u = 1 :: 2 :: nil in 1 :: ( u @ 4 :: nil )"

The other sev en uni�ers result in less simpli�cation. The last of these is a trivial uni�er that

lea v es the expression unc hanged.

Clearly , these raised rules can b e highly nondeterministic. In practice, w e w ould w an t to

in teractiv ely sp ecialize them b efore application.

7.5.2 Generalized Rewriting via Uni�cation

The con v en tional view of rewriting, as matc hing against a rule's LHS, follo w ed b y substitu-

tion in to its RHS, is subsumed and generalized b y uni�cation. F or example, tak e the rule of

asso ciativit y of addition:

\( x + y ) + z " , \ x + ( y + z )"

W e can in ternalize the rewriting relation, , , in to the expression language and use the single

expression

\( x + y ) + z , x + ( y + z )"

Then, to rewrite a giv en expression, sa y \(3 + 4) + 5", w e unify our rule expression against

the expression

\(3 + 4) + 5 , z "

where z is a new v ariable that will get b ound b y uni�cation to the desired result.

In this simple use of uni�cation, the second expression is alw a ys of the form \ e

1

, e

2

"

where e

1

is completely instan tiated and e

2

is completely uninstan tiated ( i.e. , a v ariable). But

no w w e ha v e the freedom to mak e e

1

and e

2

instan tiated or uninstan tiated to an y degree.

T aking the opp osite extreme ( e

1

uninstan tiated and e

2

instan tiated) is equiv alen t to using a

rewrite rule bac kw ards.

One p ossibilit y this approac h suggests is doing transformation on pr o gr am schema , i.e. ,

programs with free v ariables that are sub ject to instan tiation. Then the t w o-w a y nature

of uni�cation, as opp osed to matc hing, w ould allo w the application of a transformation or

simpli�cation rule to partially instan tiate the program it is transforming as w ell as the rule

it is using. A natural example of ho w program sc hema come in to existence is the rule of

case-in tro duction:

\ w , if p then w else w "

Note that the v ariable p is not men tioned on the LHS. This rule is useful when the com-

putation of a expression can b e optimized in the presence of an assertion p or its negation.

(In terestingly , this rule turns out to b e a instance of the con text propagation rule

\ c [ if p then a else b ] , if p then c [ a ] else c [ b ] "

b y taking c to b e �x : w for a v ariable w .)
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7.6 Theorem Pro ving

Another general area of application for the uni�cation algorithms dev elop ed in the preceding

c hapters is theorem pro ving in v arious logics. In [30], the L o gic al F r amework ( LF ) is presen ted

as a \�rst step to w ards a general theory of in teractiv e pro of c hec king and pro of construction."

The k ey ingredien ts are the calculus �

�

and the judgments as typ es principle, forming the

basis of a v ery elegan t and expressiv e system encompassing the syn tax, rules, and pro ofs

for a wide class of obje ct-lo gics . Our uni�cation algorithms allo w us to go b ey ond purely

in teractiv e theorem pro ving, to do automated (and semi-automated) theorem pro ving in LF

enco ded logics. These theorem pro v ers could b e expressed, e.g. , in a � Prolog based on �

�

(or

�

��

or �

�� �

), or in Elf, a language for logic de�nition and v eri�ed meta-programming [58].
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ran (�) Range of a con text, 21

� � v : A Con text extension, 21

` � sig � is a v alid signature, 21

`

�

� con text � is a v alid con text giv en �, 21

� `

�

K kind K is a v alid kind giv en � and �, 21

� `

�

A 2 K A has kind K giv en � and �, 21

� `

�

M 2 A M has t yp e A giv en � and �, 21

�

�

0

�

The set of w ell-t yp ed substitutions from � to �

0

, 28

�

�

The set of w ell-t yp ed substitutions o v er �, 28

P Disagreemen t pair, 29

	 Univ ersal con text, 29

h 	 ; U; U

0

i Disagreemen t pair, 29

D Disagreemen t set, 30

Q Uni�cation problem, 30

h � ; �

0

; D i Uni�cation problem, 30

A ( Q ) Q is acceptable, 31

U ( Q ) Set of solutions of Q , 31

^

� P oten tial solution of a uni�cation problem, 31

� CSP Minimal complete set of pre-uni�ers, 32
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�

��

T ransformation relation closure, 34

wh

�

� w eak head reduction, 37

WHNF W eak head normal form, 38

� 	 ; � � Substitution applied to con text, 39

F ( P ) F ree v ariables of a disagreemen t pair, 39

F ( D ) F ree v ariables of a disagreemen t set, 39

� P ; � D Substitution applied to disagreemen t pair or disagreemen t set, 39

eq

�

( P ) P relates con v ertible terms or t yp es, 39

size ( : : : ) Size of a term, t yp e, etc. , 40

dn ( : : : ) Measure of distance to w eak head normalization, 40

P <

^

D P is decomp osable to

^

D , 41

P ;

wh

^

D Decomp osition via w eak head reduction, 42

P ;

�

^

D Decomp osition based on an abstraction., 42

P ;

rr

^

D P rigidly decomp oses to

^

D , 47

^

D � P App ending to a disagreemen t sequence, 47

top eq ( P ) P relates terms or t yp es with the same top lev el structure, 47

U � U

0

U and U

0

ha v e the same top lev el structure, 47

D

<

P

Mem b ers of D that \accoun t for" P , 51

< Strict partial order forming an accoun ting, 51

head ( U ) The head of the term or t yp e b o dy U ., 54

height

�

( M ) The heigh t of a term., 64

� � �

0

Substitution heigh t comparison, 65

�

��

�

�

enric hed with � t yp es, 79

�

1

; �

2

; � Additional con v ersion rules for �

��

, 81

P ;

��

^

D Decomp osition based on an abstraction or pair, 86
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transformation, 33

transition, 33

uni�cation problem, 31

accoun ting, 51

atom, 38

atomic t yp e, 38

b o dy , 38

Ch urc h-Rosser, 25

complete, 34

transformation relation, 34

comp osition of substitutions, 12

con text, 21

correct, 33

transformation, 33

transition, 33

CR, 25

de Bruijn's represen tation, 10

decomp osable to, 41

decreasing, 35

disagreemen t pair, 29

disagreemen t set, 30


exible, 54

free v ariables, 10

of a disagreemen t pair, 39

of a disagreemen t set, 39

head, 54

heigh t of a term, 64

iden tit y substitution, 11

minim al complete set of pre-uni�ers, 32

transformation, 33

transition, 33

p ermanen t substitution, 53

preserv e t yping, 25

rigid, 54

signature, 20

size, 85

Size of a term, 40

t yp e, 0, 0, 40

SN, 25

solutions of a uni�cation problem, 31

solv ed form, 32, 54

strengthening, 23

strong normalization, 25

substitution, 11

w ell-t yp ed, 28

substitutiv e, 18

top lev el structure, 47

transformation, 33

uni�cation problem, 30

unify , 31

a disagreemen t pair, 31

a disagreemen t set, 31

univ ersal con text, 29

v alid, 33

transformation, 33

transition, 33

w eak head normal form, 38

w eak head reduction, 37

w eak ening, 23
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w ell-t yp ed, 39

disagreemen t pair, 39

disagreemen t set, 39

WHNF, 38


