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Overloading

o Alternative interpretation of common vocabulary.

Laws for modular reasoning.

Doesn’t apply to lambda, variables, and application.

Instead, eliminate them.
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Eliminating lambda

(Ap — k) --» const k
(Ap — p) --»d
(Ap = wv) - applyo ((Ap — u) 2 (Ap — v))

(Ap = Ag = u) ==> curry (M(p, ¢) — u)
-=» curry (A\r — u [p = fst r,q = snd r])

Automate via a compiler plugin.
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Examples

sqr:: Num a = a — a
sqra=ax*a

magSqr :: Num a = a X a — a
magSqr (a,b) = sqr a + sqr b

cosSinProd :: Floating a = a X a — a X a
cosSinProd (z,y) = (cos z,sin z) where z = z % y

After A-elimination:

sqr = mulC o (id » id)
magSqr = addC o (mulC o (exl » exl) » mulC o (exr & exr))
cosSinProd = (cosC » sinC') o mulC
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Abstract algebra for functions

Interface:

class Category k where

id a’ka
(0)::(bk*¢c) = (a'k"b) — (a 'k ¢)
infixr 9 o
Laws:

idof =f

goid =g

(hog)of=ho(gof)
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Products

Interface:

class Category k = Cartesian k where
type a %, b
exl :: (a x,b) k> a
exr:(a %, b) kb
(2) 5 (a K €) = (

infixr 3 a

Laws:

eal o (f » g)

exro (f 2 g)
exl ohsexroh=

f
9
h
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Coproducts

Dual to product.

class Category k = Cocartesian k where
type a +. b
inl ::a’k (a4, b)
inr bk (a4 b)
(v) m(a'k’¢) = (b'k ¢) = ((a+:b) Kk ¢)

infixr 2 v
Laws:
(fog)oinl =Ff
(fvg)oinr =g
hoi h

oinlvhoinr=
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Exponentials

First-class “functions” (morphisms):

class Cartesian k = CartesianClosed k where
type a =, b
apply = ((a =4 b) x,a) 'k b
curry = ((a %, 0) 'k ¢) = (a k" (b =4 ¢))
uncurry : (a k™ (b =4 ¢)) — ((a %, b) k" ¢)

Laws:

uncurry (curry f)
curry (uncurry g)
apply o (curry f o exl s exr) = f

f
g
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Misc operations

class NumCat k a where
negateC ta'k’a
addC', sub, mulC :: (a X, a) k" a
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Changing interpretations

e We’ve eliminated lambdas and variables

e and replaced them with an algebraic vocabulary.

e What happens if we replace (—) with other instances?
(Via compiler plugin.)
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Computation graphs — example

magSqr (a,b) = sqr a + sqr b

magSqr = addC o (mulC o (exl & exl) » mulC o (exr & exr))

In — + Out
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Computation graphs — example

cosSinProd (z,y) = (cos z,sin z) where z = z % y

cosSinProd = (cosC 2 sinC') o mulC

COS

In X Out

sin
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Computation graphs — example

ATy —>x+3*y

curry (addC o (exl > mulC o (const 3.0 » exr)))

an,

0

aja

Conal Elliott (Target) Compiling to categories September 2017 13 / 28


http://conal.net

Computation graphs — implementation sketch

newtype Graph a b = Graph (Ports a — GraphM (Ports b))
type GraphM = State (PortNum, | Comp])
data Comp = VYa b.Comp (Template a b) (Ports a) (Ports b)

data Template :: + — * — * where
Prim 2 String — Template a b
Subgraph :: Graph a b — Template () (a — b)

instance Category Graph where
id = Graph return
Graph g o Graph f = Graph (g <=<[)

instance BoolCat Graph where
notC = genComp "—"
andC = genComp "A"
orC = genComp "Vv"
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Computation graphs — fold

sum @(24%)

.-

g : >——b (Tow)
: i} ) 1)

_ +V+]
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Computation graphs — scan

Isums @(24)

[TTTTTTITTTITITTITTI

UHHHTHHHU
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Computation graphs — bitonic sort

bitonic @(213)

F
NG
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Compiling to hardware

Convert graphs to Verilog:

module magSqr (In_O, In_1, Out);
input [31:0] In_O;

input [31:0] In_1; Yk magsar
output [31:0] Out; .- +
wire [31:0] Plus_IO; .‘ N

wire [31:0] Times_I3;

wire [31:0] Times_I4;

assign Plus_IO0 = Times_I3 + Times_I4;

assign Out = Plus_IO;

assign Times_I3 = In_0 * In_O;

assign Times_I4 = In_1 * In_1;
endmodule
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Example — graphics

disk :: R — Region

disk v p = magSqr p < sqr r
anim t = disk (3/4 4+ 1/4 = cos t)

‘ type Region = R x R — Bool }

©

uniform float inO;

vecd animA (float inl, float in2)

{ float v5 = 0.75 + 0.25 * cos (in0); // TODO: hoist
float v24 = inl * inl + in2 * in2 <= v5 * v6 7 0.0 : 1.0;
return vecd (v24, v24, v24, v24);

}
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Differentiable functions

newtype D a b =D (a — (b x (a — b))) -- derivative as linear map

linearD f = D (Aa — (f a, linear f))

instance Category D where
id = linearD id
DgoD f=D(Xa—let{(b,f)=Ffa;(c.g)=gblin(cg of))

instance Cartesian D where
exl = linearD exl
exr = linearD exr

DfaDg=D(Xa—let{(b,f)=Fa;(c,g)=ga}in((bc)f g))

instance NumCat D where
negateC = linearD negateC
addC = linearD addC
mulC = D (mulC s X(a, b) — linear (A(da, db) — da = b + db = a))
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Composing interpretations (Graph and D)

magSqr

B [+

l Out
In —
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Composing interpretations (Graph and D)

cosSinProd

negate « x j

( sin
In - X H cos

TN
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Interval analysis

data IFun a b = IFun (Interval a — Interval b)

type family Interval a

type instance Interval Double = Double x Double

type instance Interval (a x b) = Interval a x Interval b
type instance Interval (a — b) = Interval a — Interval b

instance Category [Fun where instance Cartesian IFun where
id = IFun id exl = IFun exl
IFun go IFun f = IFun (g o f) exr = IFun exr

IFun f & IFun g = IFun (f » g)

instance (Interval a ~ (a x a), Num a, Ord a) = NumCat [Fun a where
addC = IFun ()\((alo, ahi)7 (blm bhz)) — (alo + by, ap; + b}”))
mulC = IFun (M(aio, ani), (bio, bri)) —
minmaz [ ai * bio, Gio * bri, ani * bio, ani * by ]

Conal Elliott (Target) Compiling to categories September 2017 23 / 28


http://conal.net

Interval analysis — example

KA

|
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Other examples

o Constraint solving via SMT (with John Wiegley)
o Linear maps

e Incremental evaluation

Polynomials

Nondeterministic and probabilistic programming
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Shallow embedding

e “Just a library”, but with a suitable host language.

e Easy to implement; but restricts optimization.
o Inherits host language & compiler limitations, e.g., no
o differentiation or integration
e incremental evaluation
e optimization
e constraint solving

e novel back-ends, e.g., GPU, circuits, JavaScript
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Deep embedding

Syntactic representation.

@ More room for analysis and optimization.

Harder to implement; redundant with host compiler.

Requires some vocabulary changes.
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Compiling to categories

e Just a library.

e Easy to implement.

e Analysis, optimization, non-standard target architectures.

Non-standard operations on functions.
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