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Laziness

Value computed only when inspected.

e Saved for reuse.

e Every part of a data structure.

Insulate definition from use: modularity.

e Routinely program with infinite structures.
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What about functions?

@ Functions as indexed collections.

@ Are “accesses” cached?
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What about functions?

@ Functions as indexed collections.
@ Are “accesses” cached?

o Why not?
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What is memoization?
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What is memoization?

e Conventional story: mutable hash tables.
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What is memoization?

e Conventional story: mutable hash tables.

@ Ironic flaw: only correct for pure functions.
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What is memoization?

e Conventional story: mutable hash tables.
@ Ironic flaw: only correct for pure functions.

e My definition: conversion of functions into data structures
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What is memoization?

Conventional story: mutable hash tables.

Ironic flaw: only correct for pure functions.

e My definition: conversion of functions into data structures

o ... without loss of information.
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What is memoization?

Conventional story: mutable hash tables.

Ironic flaw: only correct for pure functions.

e My definition: conversion of functions into data structures

o ... without loss of information.

Preferably incremental.

Conal Elliott (Tabula) Elegant memoization April 3, 2014


http://conal.net
http://www.tabula.com/
http://www.meetup.com/haskellhackersathackerdojo/events/151894212/

What is memoization?

Conventional story: mutable hash tables.

Ironic flaw: only correct for pure functions.

e My definition: conversion of functions into data structures

o ... without loss of information.

Preferably incremental.

e How?
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Convenient notation

I'll use some non-standard (for Haskell) type notation:

typel = ()

data 0 -- no values
type (x) = ()

type (+) = FEither
infix]l 7 x

infixl 6 +
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Examples

f:: Bool — Int
f xz=if x then 3 else 5
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f:: Bool — Int
f xz=if x then 3 else 5

g :: 1 — String
g () = map toUpper "memoize!"
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f:: Bool — Int
f xz=if x then 3 else 5

g :: 1 — String
g () = map toUpper "memoize!"

h :: Bool x Bool — Int
hiz,y)=f(@ANy)+f(zVy)
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f:: Bool — Int
f xz=if x then 3 else 5

g :: 1 — String
g () = map toUpper "memoize!"

h :: Bool x Bool — Int
hiz,y)=f(@ANy)+f(zVy)

k :: Bool + Bool — Int
k (Left x)=if x then 3 else 5
k (Right y) = if y then 4 else 6
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More examples

@ Bool + Bool x Bool — ...
e Nat — ...

° [a] — ...
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What'’s really going on here?

@ Remember: conversion of functions into data structures.

e Different shape for each domain type.

e Consider domain types systematically
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What'’s really going on here?

@ Remember: conversion of functions into data structures.

e Different shape for each domain type.

o Consider domain types systematically:
0,1,a+0b,axb, a— b, data.

Conal Elliott (Tabula) Elegant memoization April 3, 2014


http://conal.net
http://www.tabula.com/
http://www.meetup.com/haskellhackersathackerdojo/events/151894212/

What'’s really going on here?

o Goal: capture all of a function’s information.

@ Make precise:
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What'’s really going on here?

o Goal: capture all of a function’s information.

o Make precise: ability to convert back. Isomorphism.
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What'’s really going on here?

o Goal: capture all of a function’s information.
o Make precise: ability to convert back. Isomorphism.

@ Domain type drives the memo structure.
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Type isomorphisms
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Type isomorphisms
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Type isomorphisms
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Type isomorphisms

0—a
1—a

11
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Type isomorphisms

0—a
1—a

11
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Type isomorphisms

0—-a =1
1—>a = a
(b+c)—a =
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> isomorphisms

0—=a = 1
1—a =
(b+c)—a = (b—a)x(c—a)
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Type isomorphisms

0—=a = 1

1—2a =
(b+c)—a = (b—a)x(c—a)
(bxec)—a =
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Type isomorphisms

0—a = 1

1—-a = a
(b+c)—a =2 (b—a)x(c—a
(bxec)—a = b—(c—a)
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> isomorphisms

0—a = 1

1—-a = a
(b+c)—a = (b—a)x(c—a)
(bxec)—a = b—(c—a)

Compare with laws of exponents:

ad =1

al = a
ab-‘rc — ab % af
abxc _ (ac)b
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> isomorphisms

0—a = 1

1—-a = a
(b+c)—a = (b—a)x(c—a)
(bxec)—a = b—(c—a)

Compare with laws of exponents:

a =1

at = a
a’tc = a’xac
abxc _ (ac)b

These rules form a memoization algorithm.
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> isomorphisms

0—a = 1

1—-a = a
(b+c)—a = (b—a)x(c—a)
(bxec)—a = b—(c—a)

Compare with laws of exponents:

a =1

at = a
a’tc = a’xac
abxc _ (ac)b

These rules form a memoization algorithm.

Catch: L.
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An implementation of memoization

From MemoTrie:

class HasTrie t where
typet — a
trie  :(t—a) — (t— a)
untrie :: (t — a) = (t = a)

Law: trie and untrie are inverses, so (¢t — a) = (t — a) (modulo 1).

Memoization:
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An implementation of memoization

From MemoTrie:

class HasTrie t where
typet — a
trie  :(t—a) — (t— a)
untrie :: (t — a) = (t = a)

Law: trie and untrie are inverses, so (¢t — a) = (t — a) (modulo 1).

Memoization:

memo :: HasTrie t = (t — a) — (t — a)
memo = untrie o trie
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Isomorphism: 0 — a = 1.
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Isomorphism: 0 — a = 1.

Instance:

instance HasTrie 0 where
type0—a=1
trie void = ()
untrie () = void

where

void :: 0 — 2
-- empty definition
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Isomorphism: 1 — a = a.
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Isomorphism: 1 — a = a.

Instance:

instance HasTrie 1 where
typel—a=a
trie f = f ()

untrie a = X\() = a
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Boolean

Isomorphism: Bool — a = a X a.
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Boolean

Isomorphism: Bool — a = a X a.

Instance:

instance HasTrie Bool where
type Bool— a=a X a
trie f = (f False, f True)
untrie (z,y) = Ac — if ¢ then y else z
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Isomorphism: (b+¢) — a = (b—a) x (c — a).
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Isomorphism: (b+¢) — a = (b—a) x (c — a).
Instance:

instance (HasTrie b, HasTrie ¢) = HasTrie (b + ¢) where
type (b+c¢)—a=(b—a) X (c— a)
trie f = (trie (f o Left), trie (f o Right))
untrie (s,t) = untrie s ||| untrie t

where

(g1l ) (Left b) =g b
(g lll h) (Right c¢) = h ¢
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Products

Isomorphism: (bx c¢) - a=b— (¢ — a).

Conal Elliott (Tabula) Elegant memoization April 3, 2014 16 / 32


http://conal.net
http://www.tabula.com/
http://www.meetup.com/haskellhackersathackerdojo/events/151894212/

Isomorphism: (bx c¢) - a=b— (¢ — a).

Instance:
instance (HasTrie b, HasTrie ¢) = HasTrie (b x ¢) where
type (bxc¢)—a=br (c+— a)
trie f = trie (trie o curry f)
untrie t = uncurry (untrie o untrie t)

where

curry gbec =g
uncurry h (b,c¢) =h b ¢
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Data types

Handle other types via isomorphism:
(u,v,w) = (u X v) X w
u] 21+ ux [u]
Tu=Zu+TuxTu

Bool=1+1
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Turn it around

Exponentials:
a® =1
at = a
ab+c — b x aC
abxe — ( ac)b
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Turn it around

Exponentials:
a =1
at = a
a’t¢ = a’xa¢
ab><c _ (CLC b
Take logarithms, and flip equations:
log,1 = 0
log,a = 1
log,(a® x a®) = b+c
log,(a®)’ = bxc
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Turn it around

Exponentials:
a =1
at = a
ab+c — ab x af
ab><c _ (CLC b
Take logarithms, and flip equations:
log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u’) = b xlog,u
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Logarithms

log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u®) = bxlog,u
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Logarithms

log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u®) = bxlog,u

Game: whose memo trie is it?
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Logarithms

log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u®) = bxlog,u

Game: whose memo trie is it?

dataPa=Paa
data S a=Ca (S a)
data Ta=Ba (P (T a))
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Logarithms

log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u®) = bxlog,u

Game: whose memo trie is it?

dataPa=Paa Pa=axa
data S a=Ca (S a) Sa=axSa
data T a =B a (P (T a)) Ta=axP(Ta)
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Logarithms

log,1 = 0
log,a = 1
log,(u xv) = log,u+log,v
log,(u®) = bxlog,u

Game: whose memo trie is it?

dataPa=Paa Pa=axa
data S a=Ca (S a) Sa=axSa
data T a =B a (P (T a)) Ta=axP(Ta)
data LP = False | True LP=1+1

data LS = Zero | Succ LS LS =21+ LS
data LT = Empty | Dig LT LP LT=1+ LT xLP
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Memoization via higher-order types

Functor combinators:

data Const b a = Const b
newtype Id a=1da

data (f+g9) a=Sum (fa+ga)
data (f xg) a=Prod (faxga)
newtype (g o f) a = Comp (g (f a))
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Memoization via higher-order types

Functor combinators:

data Const b a = Const b
newtype Id a=1da

data (f+g9) a=Sum (fa+ga)
data (f xg) a=Prod (faxga)
newtype (g o f) a = Comp (g (f a))

Exponentials:
Ezp O = Const 1
Erp 1 =1d

Ezp (a+b)=FEzp a x Ezp b
Ezp (a x b)=FEzp a o Ezp b
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Memoization via higher-order types

Functor combinators:

data

newtype Id

data (f +9) a= Sum
data

Const b a = Const b
a=1da

(fa+ga)

(f xg) a=Prod (faxga)

newtype (g o f) a = Comp (g (f a))

Exponentials:
Ezp O = Const 1
Erp 1 =1d

Ezp (a+b)=FEzp a x Ezp b
Ezp (a x b)=FEzp a o Ezp b

Logarithms:

Log (Const b) =
Log Id =
Log (f x g) =
Log (g o f)

Log f + Log g
= Log g x Log f

0
1

Conal Elliott (Tabula)
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An almost beautiful story

Memoization: conversion of functions into data structures.

Purely functional, directed by type isomorphisms.

@ Practical in a non-strict language!

Simple denotation and incremental tabulation.

However, an ironic flaw:
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An almost beautiful story

Memoization: conversion of functions into data structures.

Purely functional, directed by type isomorphisms.

@ Practical in a non-strict language!

Simple denotation and incremental tabulation.

However, an ironic flaw:

The type isomorphisms only hold for a strict language.
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Some memoization challenges

@ Non-strict

Higher-order

Polymorphic

@ Deep
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References

Ralf Hinze’s paper Memo functions, polytypically!.

@ These slides

MemoTrie: Hackage, GitHub

data-memocombinators

e Memoization blog posts
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Correctness Proofs
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instance HasTrie 0 where

type0—a=1
trie void = ()
untrie () = void
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instance HasTrie 0 where
type0—a=1
trie void = ()
untrie () = void

Laws:

untrie (trie void) trie (untrie ())
= untrie () = trie void
= void =()
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Unit

instance HasTrie 1 where
typel—a=a
trie f =f ()

untrie a = X\() — a
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instance HasTrie 1 where
typel—a=a
trie f =f ()

untrie a = X\() — a

Laws:

untrie (trie f) trie (untrie a)
untrie (f 0) trie (A() — a)
f() /0 (AQ) = a) ()

IS
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Boolean

instance HasTrie Bool where
type Bool— a=a X a
trie f = (f False, f True)
untrie (z,y) = Ac¢ — if ¢ then y else z
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Boolean

instance HasTrie Bool where
type Bool— a=a X a
trie f = (f False, f True)
untrie (z,y) = Ac¢ — if ¢ then y else z

untrie (trie f) trie (untrie (z,y))

untrie (f False, f True) trie (if = y)

if' (f False) (f True) (if" z y False,if' y © True)
iy (z,v)

if' (f False) (f True)
= Ac — if c then f True else f Fualse
=Ac— if cthen f celse f ¢

=f

Note:
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instance (HasTrie b, HasTrie ¢) = HasTrie (b + ¢) where
type (b+c¢)—a=(b—a) X (c— a)
trie f = (trie (f o Left), trie (f o Right))
untrie (s,t) = untrie s ||| untrie ¢

where

(g [l ) (Left b)) =g b
(g Il ) (Right ¢) = h c
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instance (HasTrie b, HasTrie ¢) = HasTrie (b + ¢) where
type (b+c¢)—a=(b—a) X (c— a)
trie f = (trie (f o Left), trie (f o Right))
untrie (s,t) = untrie s ||| untrie ¢

where

(g [l ) (Left b)) =g b
(g Il ) (Right ¢) = h c

untrie (trie f)

untrie (trie (f o Left), trie (f o Right))

untrie (trie (f o Left)) ||| untrie (trie (f o Right))
foLeft||| fo Right

f
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instance (HasTrie b, HasTrie ¢) = HasTrie (b + ¢) where
type (b+c¢)—a=(b—a) X (c— a)
trie f = (trie (f o Left), trie (f o Right))
untrie (s,t) = untrie s ||| untrie ¢

where

(g [l ) (Left b)) =g b
(g Il ) (Right ¢) = h c

trie (untrie (s, t))
= trie (untrie s ||| untrie t)
(trie ((untrie s ||| untrie t) o Left)
, trie ((untrie s ||| untrie t) o Right))
(trie (untrie s), trie (untrie t))

(s, 1)
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instance (HasTrie b, HasTrie ¢) = HasTrie (b X ¢) where
type (bxc¢)—a=b— (c— a)
trie f = trie (trie o curry f)
untrie t = uncurry (untrie o untrie t)
where

curry gbc =g (b,
uncurry h (b,c) =hbc
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instance (HasTrie b, HasTrie ¢) = HasTrie (b X ¢) where
type (bxc¢)—a=b— (c— a)
trie f = trie (trie o curry f)
untrie t = uncurry (untrie o untrie t)

where

curry gbc =g (b,
uncurry h (b,c) =hbc

untrie (trie f)

untrie (trie (trie o curry f))

uncurry (untrie o untrie (trie (trie o curry f)))
uncurry (untrie o trie o curry f)

uncurry (curry f)

f
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instance (HasTrie b, HasTrie ¢) = HasTrie (b X ¢) where
type (bxc¢)—a=b— (c— a)
trie f = trie (trie o curry f)
untrie t = uncurry (untrie o untrie t)

where

curry gbc =g (b,
uncurry h (b,c) =hbc

trie (untrie t)
= trie (uncurry (untrie o untrie t))
= trie (trie o curry (uncurry (untrie o untrie t)))
= trie (trie o untrie o untrie t)
= trie (untrie t)
=t
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