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Paths from circular motion
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(source)

Circular motion:

Frequency/speed, f

Radius, r

Starting angle, a

Combine several motions: center of each follows path of previous.

Observe final motion.

Another example
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Paths from circular motions

xptq “
ÿ

pf,r,aqPS

pr cosp2πft` aq, r sinp2πft` aqq

More succinct in complex polar form:

xptq “
ÿ

pf,r,aqPS

r eip2πft`aq

Yet more succinct with X “ reia:

xptq “
ÿ

pf,XqPS

X ei2πft
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Questions

(source)

Which motions can be generated in this way?

How to generate the circular components for a given motion?

Answers: all periodic functions; the Fourier transform.
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Some other uses of the Fourier transform

Hearing (roughly)

Geocentrism (Ptolemy’s deferent & epicycle)

Sound & image compression

Audio equalization

Solving differential equations

Convolution, for signal processing, probability, neural networks

Derivatives of signals
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Discrete Fourier Transform (DFT)

Xk “

N´1
ÿ

n“0

xne
´i2πkn
N k “ 0, . . . , N ´ 1

Direct implementation does OpN2q work.
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DFT in Haskell

dft :: @f a....ñ Unop pf pComplex aqq

dft xs “ omegas psize @f q $̂ xs

omegas :: ...ñ Int Ñ g pf pComplex aqq

omegas n “ powers ă$ą powers pexp p´i ˚ 2 ˚ π { fromIntegral nqq

powers :: ...ñ a Ñ f a

powers “ fst ˝ lscanAla Product ˝ pure

p$̂q :: ...ñ n pm aq Ñ m a Ñ n a -- matrix ˆ vector

mat $̂ vec “ p¨vecq ă$ąmat

p¨q :: ...ñ f a Ñ f a Ñ a -- dot product

u ¨ v “ sum pliftA2 p˚q u vq
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Fast Fourier transform (FFT)

DFT in OpN logNq work

Better numeric properties than naive DFT

Long history:

Gauss: 1805

Danielson & Lanczos: 1942

Cooley & Tukey: 1965

Conal Elliott (Target) Generic FFT August 31, 2016 8 / 49

Xk “
N´1
ř

n“0

xne
´i2πkn
N

http://conal.net


A summation trick

For composite bounds:

N1N2´1
ÿ

n“0

F pnq “
N1´1
ÿ

n1“0

N2´1
ÿ

n2“0

F pN1n2 ` n1q
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Factoring DFT — math

From Wikipedia:

When this re-indexing is substituted into the DFT formula for nk, the

N1n2N2k1 cross term vanishes (its exponential is unity), and the

remaining terms give

XN2k1`k2 “

N1´1
ÿ

n1“0

N2´1
ÿ

n2“0

xN1n2`n1e
´ 2πi
N1N2

¨pN1n2`n1q¨pN2k1`k2q

“

N1´1
ÿ

n1“0

”

e´
2πi
N
n1k2

ı

˜

N2´1
ÿ

n2“0

xN1n2`n1e
´ 2πi
N2

n2k2

¸

e
´ 2πi
N1

n1k1
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Factoring DFT — math

From Wikipedia:

When this re-indexing is substituted into the DFT formula for nk, the

N1n2N2k1 cross term vanishes (its exponential is unity), and the

remaining terms give

XN2k1`k2 “

N1´1
ÿ

n1“0

N2´1
ÿ

n2“0

xN1n2`n1e
´ 2πi
N1N2

¨pN1n2`n1q¨pN2k1`k2q

“

N1´1
ÿ

n1“0

”

e´
2πi
N
n1k2

ı

inner FFTs
hkkkkkkkkkkkkkkkkikkkkkkkkkkkkkkkkj

˜

N2´1
ÿ

n2“0

xN1n2`n1e
´ 2πi
N2

n2k2

¸

e
´ 2πi
N1

n1k1

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

outer FFTs
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Factoring DFT — pictures

(source)

How might we implement in Haskell?
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Factoring DFT — Haskell

Factor types, not numbers!

newtype pg ˝ f q a “ O pg pf aqq

instance pSized g ,Sized f q ñ Sized pg ˝ f q where

size “ size @g ˚ size @f

Also closed under composition:

Functor

Applicative

Foldable

Traversable
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Factoring DFT — Haskell

class FFT f where

type Reverse f :: ˚ Ñ ˚

fft :: f CÑ Reverse f C

instance ...ñ FFT pg ˝ f q where

type Reverse pg ˝ f q “ Reverse f ˝ Reverse g

fft “ O ˝ ffts 1 ˝ transpose ˝ twiddle ˝ ffts 1 ˝ unO

ffts 1 :: ...ñ g pf Cq Ñ Reverse g pf Cq
ffts 1 “ transpose ˝ fmap fft ˝ transpose

twiddle :: ...ñ g pf Cq Ñ g pf Cq
twiddle “ pliftA2 ˝ liftA2 q p˚q pomegas psize @pg ˝ f qqq
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Optimizing fft for g ˝ f

ffts 1 ˝ transpose ˝ twiddle ˝ ffts 1

”

transpose ˝ fmap fft ˝ transpose

˝ transpose

˝ twiddle

˝ transpose ˝ fmap fft ˝ transpose

”

transpose ˝ fmap fft ˝ twiddle ˝ transpose ˝ fmap fft ˝ transpose

”

traverse fft ˝ twiddle ˝ traverse fft ˝ transpose
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Binary FFT

Uniform pairs:

data Pair a “ a :# a deriving pFunctor ,Foldable,Traversableq

instance Sized Pair where size “ 2

instance FFT Pair where

type Reverse Pair “ Pair

fft “ dft

Equivalently,

fft pa :# bq “ pa ` bq :# pa ´ bq
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Exponentiating functors

fn “

n times
hkkkkikkkkj

f ˝ ¨ ¨ ¨ ˝ f

Example: Pairn is a depth-n, perfect, binary, leaf tree.
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Associating functor composition

ph ˝ gq ˝ f » h ˝ pg ˝ fq

Does the same FFT algorithm arise?
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Associating functor exponentiation

Right-associated/top-down:

type family RPow h n where

RPow h Z “ Id

RPow h pS nq “ h ˝ RPow h n

Left-associated/bottom-up:

type family LPow h n where

LPow h Z “ Id

LPow h pS nq “ LPow h n ˝ h
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fft @pRPow Pair 0q

In
 
 

 
 

Out
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fft @pLPow Pair 0q

In
 
 

 
 

Out
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fft @pRPow Pair 1q

 
 

+  

 
 
 
 

Out
 
 

+  

In

 
 
 
 

 
 
−  

 
 
−  

Conal Elliott (Target) Generic FFT August 31, 2016 22 / 49

http://conal.net


fft @pLPow Pair 1q

 
 

+  

 
 
 
 

Out
 
 

+  

In

 
 
 
 

 
 
−  

 
 
−  
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fft @pRPow Pair 2q
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fft @pLPow Pair 2q
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fft @pRPow Pair 3q
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fft @pLPow Pair 3q
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fft @pRPow Pair 4q
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fft @pLPow Pair 4q
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fft @pRPow Pair 5q
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Generic FFT

class FFT f where

type Reverse f :: ˚ Ñ ˚

fft :: f CÑ Reverse f C

default fft :: pGeneric1 f ,Generic1 pReverse f q,FFT pRep1 f q

,Reverse pRep1 f q„Rep1 pReverse f qq

ñ f CÑ Reverse f C
fft xs “ to1 ˝ fft xs ˝ from1

using GHC.Generics.
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Concluding remarks

Type-driven, parallel-friendly algorithm:

Factor types, not numbers.

Well-known algorithms as special cases (DIT & DIF).

Works well with GHC.Generics.

In contrast to array algorithms:

Elegantly compositional.

Free of index computations.

Safe from out-of-bounds errors.
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Extras
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Bushes

type family Bush n where

Bush Z “ Pair

Bush pS nq “ Bush n ˝ Bush n

Notes:

Composition-balanced counterpart to LPow and RPow .

Variation of Bush type in Nested Datatypes by Bird & Meertens.

Size 22
n
, i.e., 2, 4, 16, 256, 65536, . . ..

Easily generalizes beyond pairing and squaring.
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  ×  

  ×  
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  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

0.38268343236508984  

  ×  

  ×  

0.38268343236508995  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  
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  ×  

  ×  
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  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

0.3826834323650901  

  ×  

  ×  

  ×  

  ×  

0.4275550934302832  

  ×  

0.42755509343028336  

  ×  

0.4496113296546068  

  ×  

0.4496113296546071  

  ×  

0.44961132965460715  

0.44961132965460726  

  ×  

  ×  

0.471396736825998  

  ×  

0.4713967368259982  

  ×  

  ×  

0.5141027441932219  

  ×  

0.514102744193222  

  ×  

  ×  

0.5141027441932223  

0.5141027441932227  

  ×  

  ×  

0.5141027441932228  

  ×  

0.5555702330196023  

  ×  

  ×  

0.5555702330196026  

  ×  

  ×  

  ×  

0.5555702330196027  

  ×  

0.5758081914178452  

  ×  

0.5758081914178459  

0.5956993044924346  

  ×  

  ×  

  ×  

0.6343932841636457  

  ×  

  ×  

0.6343932841636459  

  ×  

0.634393284163646  

  ×  

0.6343932841636462  

  ×  

  ×  

0.6343932841636463  

  ×  

0.653172842953777  

  ×  

0.6531728429537772  

  ×  

0.6895405447370674  

  ×  

  ×  

0.6895405447370675  

0.6895405447370686  

  ×  

0.7071067811865475  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  
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0.7071067811865479  

  ×  

  ×  

  ×  

0.7242470829514689  

  ×  

0.7409511253549592  

  ×  

  ×  

  ×  

0.7409511253549593  

  ×  

0.7409511253549597  

  ×  

0.7730104533627372  

  ×  

  ×  

  ×  

0.7883464276266067  

  ×  

  ×  

0.7883464276266069  

0.7883464276266079  

  ×  

0.7883464276266086    ×  

  ×  

0.8032075314806448  

  ×  

0.803207531480645  

0.8175848131515842  

  ×  

0.8314696123025453  

  ×  

  ×  

0.8314696123025455  

  ×  

  ×  

  ×  

0.8314696123025458  

0.8314696123025459  

  ×  

0.831469612302547  

  ×  

0.8448535652497076  

  ×  

0.8577286100002723  

0.8577286100002725  

  ×  

  ×  

0.8700869911087116  

  ×  

0.8700869911087119  

0.8819212643483552  

  ×  

  ×  

0.8819212643483553  

  ×  

0.8819212643483554  

  ×  

0.9039892931234434  

  ×  

0.9039892931234436  

0.9039892931234437  

  ×  

  ×  

0.9039892931234438  

0.9039892931234454  

  ×  

0.9039892931234459  

  ×  

0.9238795325112867  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  
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  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

  ×  

0.923879532511287  

  ×  

  ×  

  ×  

0.9329927988347391  

  ×  

0.9329927988347392    ×  

0.9329927988347393  

0.9415440651830209  

  ×  

  ×  

0.9495281805930367  

  ×  

0.9569403357322089  

  ×  

  ×  

  ×  

0.9569403357322092  

0.9569403357322097  

  ×  

0.9569403357322109  

  ×  

0.9637760657954401  

  ×  

  ×  

0.9700312531945441  

  ×  

  ×  

0.9700312531945442  

  ×  

  ×  

0.9700312531945462  

  ×  

0.9757021300385287  

  ×  

  ×  

0.9757021300385288  

0.9807852804032305  

  ×  

  ×  

  ×  

0.9852776423889413  

  ×  

0.989176509964781  

  ×  

0.9891765099647811  

0.9924795345987101  

  ×  

0.9951847266721969  

  ×  

0.9951847266721994  

  ×  

0.9972904566786901    ×  

0.9972904566786903  

0.9972904566786925  

  ×  

0.9987954562051724  

0.9996988186962042  

2.4541228522912323e-2  

  ×  

2.4541228522912628e-2  

  ×  

  ×  

4.906767432741846e-2  

  ×  

  ×  

4.906767432741882e-2  

  ×  

7.356456359966779e-2  

  ×  

7.356456359966856e-2  

  ×  

9.801714032956027e-2  

  ×  

  ×  

9.801714032956049e-2  

  ×  

  ×  

9.801714032956066e-2  

  ×  

9.80171403295606e-2  

  ×  

  ×  

  ×  

9.801714032956077e-2  

  ×  

9.801714032956083e-2  

  ×  

9.801714032956088e-2  

  ×  
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Comparison

For 16 complex inputs and results:

Type ` ˆ ´ total max depth

RPow Pair 4 74 40 74 197 8

LPow Pair 4 74 40 74 197 8

Bush 2 72 32 72 186 6

For 256 complex inputs and results:

Type ` ˆ ´ total max depth

RPow Pair 8 2690 2582 2690 8241 20

LPow Pair 8 2690 2582 2690 8241 20

Bush 3 2528 1922 2528 7310 14
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