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Prefix sum (left scan)

ai,...,0n
where = :
Iscan | bk § : @i
1<i<k
b17 e 7bn bn+1
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In CUDA C

__global__ void prescan(float *g_odata, float *g_idata, int n) {
extern __shared__ float temp[]; // allocated on invocation
int thid = threadIdx.x;
int offset = 1;

// load input into shared memory
temp [2*thid] = g_idata[2*thid];
temp [2*thid+1] = g_idata[2*thid+1];
// build sum in place up the tree
for (int d = n>>1; d > 0; d >>= 1) {
__syncthreads();
if (thid < d) {
int ai = offset*(2*thid+1)-1;
int bi = offset*(2+thid+2)-1;
temp[bi] += templail; }
offset *= 2; }
// clear the last element
if (thid == 0) { temp[n - 1] = 0; }
// traverse down tree & build scan
for (int d = 1; d < n; d *= 2) {
offset >>= 1;
__syncthreads();
if (thid < d) {
int ai = offset*(2xthid+1)-1;
int bi = offset*(2*thid+2)-1;
float t = templ[ail;
temp[ai] = temp[bil;
temp[bi] += t; } }
__syncthreads();
// write results to device memory
g_odata[2*thid] = temp[2*thid];
g_odata[2*thid+1] = temp[2+thid+1]; }

Source: Harris, Sengupta, and Owens in GPU Gems 3, Chapter 39
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In NESL

function scan(a) =
if #a == 1 then [0]
else
let es = even_elts(a);
os = odd_elts(a);
ss = scan({e+o: e in es; o in os})
in interleave(ss,{s+e: s in ss; e in es})

Source: Guy Blelloch in Programming parallel algorithms, 1990

Conal Elliott Efficient parallel scan rev 2015-09-30 4 / 38


http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.53.5739
http://conal.net

In NESL

function scan(a) =
if #a == 1 then [0]
else
let es = even_elts(a);
os = odd_elts(a);
ss = scan({e+o: e in es; o in os})
in interleave(ss,{s+e: s in ss; e in es})

Source: Guy Blelloch in Programming parallel algorithms, 1990

Still, why does it work?
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Prefix sum (left scan)

ai,...,0Qn
where = :
Iscan | bk § : @i
1<i<k
b17 R 7b’n bn—l—l
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Prefix sum (left scan)

ai,...,0Qn
where = :
Iscan | bk § : @i
1<i<k
b17 R 7b’n bn—l—l

Work: O(n?).
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Prefix sum (left scan)

ai,...,0Qn
where = :
Iscan | bk § : @i
1<i<k
b17 R 7b’n bn—l—l

Work: O(n?).

Time:
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Prefix sum (left scan)

ai,...,0Qn
where = :
Iscan | bk § : @i
1<i<k
b17 R 7b’n bn—l—l

Work: O(n?).
Time: O(n?), O(n), O(logn).
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As a recurrence

ai,...,0an
Iscan || where b1 =0
bp+1 = b + ag
bla s 7b’l’L anrl
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ai,...,0an
Iscan || where b1 =0
bp+1 = b + ag
bla s 7b’l’L anrl

Work: O(n).
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As a recurrence

ai,...,0an
Iscan || where b1 =0
bry1 = by + ay,
bi,...,bn [bpy1

Work: O(n).
Depth (ideal parallel “time”): O(n).
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As a recurrence

aly...,0n
Iscan ||
bi,...,bn [bpy1

Work: O(n).

where

Depth (ideal parallel “time”): O(n).

b1 =0
bry1 = b + ap

Linear dependency chain thwarts parallelism (depth < work).
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Divide and conquer
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Divide and conquer

!/ /
Alyevey Opy Gy ey Gy
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Divide and conquer

!/ /
arg, y Any Apy e v ey Oy
usplzt
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Divide and conquer

!/ /
arg, y Qn, A7, -y Ay
usplzt
/ /
ag, ,An || A1, y Gy
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Divide and conquer

/ !
ai, ,An, a1, <y Gy
usplzt
/ /
1,y Qp||Q1, ..., Qy
Ulscan ‘Ulscan
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Divide and conquer

Conal Elliott

!/ /
arg, y Qn, A7, -y Ay
usplzt
/ /
Q1,-..,0p a7, ... 0,
Ulscan ‘Ulscan
/ / /
bl,...,bn b’I’L+1 17...,bn n+1
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arg, y Qn, A7, -y Ay
usplzt
/ /
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/ / /
bl,...,bn b’I’L+1 17...,bn n+1
umerge

biy oo bny bt + 00, bt + 0 | bt + by
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Divide and conquer

!/ /
arg, y Qn, A7, -y Ay
usplzt
/ /
Q1,-..,0p a7, ... 0,
Ulscan ‘Ulscan
/ / /
bl,...,bn b’I’L+1 17...,bn n+1
umerge

biy oo bny bt + 00, bt + 0 | bt + by

e Equivalent? Why?
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Divide and conquer

/ !
arg, y Qn, A7, >y
usplzt
/ /
a1y...,0n (|07, y Ay
Ulscan ‘Ulscan
/ / /
bl,...,bn b’I’L+1 17...,bn n+1
umerge
/ / /
b1, vy bnybpg1 + 01, b1 + by | b1 + by g

e Equivalent? Why? (Associativity.)
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Divide and conquer

/ !
arg, y Qn, A7, >y
usplzt
/ /
a1y...,0n (|07, y Ay
Ulscan ‘Ulscan
/ / /
bl,...,bn b’I’L+1 17...,bn n+1
umerge
/ / /
b1, vy bnybpg1 + 01, b1 + by | b1 + by g

e Equivalent? Why? (Associativity.)

e No more linear dependency chain.
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Divide and conquer

arg, y Qn, A7, >y
llsplzt
/ /
Q1,-..,0p a7, ... 0,
Ulscan ‘Ulscan
/ / /
bl,...,bn b’I’L+1 1,...,bn n+1
umerge

biy oo bny bt + 00, bt + 0 | bt + by

e Equivalent? Why? (Associativity.)
e No more linear dependency chain.

e Work and depth analysis?
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Depth analysis

Depends on depth of splitting and merging.
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Depth analysis

Depends on depth of splitting and merging.
e Constant:
D(n) = D(n/2) + O(1)
D(n) = O(logn)
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Depth analysis

Depends on depth of splitting and merging.
e Constant:
D(n) = D(n/2) + O(1)
D(n) = O(logn)
e Linear:
D(n) = D(n/2)+ O(n)
DM =0(1+2+4+---+2F)=0(2")
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Depth analysis

Depends on depth of splitting and merging.
e Constant:
D(n) = D(n/2) + O(1)
D(n) = O(logn)
e Linear:
D(n) = D(n/2)+ O(n)
DM =0(1+2+4+---+2F)=0(2")

e Logarithmic:
D(n) = D(n/2) + O(logn)
DY =00 +1+2+ - +k)=0(k?
D(n) = O(log®n)

Conal Elliott Efficient parallel scan rev 2015-09-30 8 / 38


http://conal.net

Work analysis

Work recurrence:

W(n) =2W(n/2)+ O(n)
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Work analysis

Work recurrence:

W(n) =2W(n/2)+ O(n)

By the Master Theorem,

W(n) = O(n logn)

Conal Elliott Efficient parallel scan rev 2015-09-30 9 / 38


http://en.wikipedia.org/wiki/Master_theorem
http://conal.net

Analysis summary

Sequential:
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Analysis summary

Sequential:

Divide and conquer:

Conal Elliott Efficient parallel scan rev 2015-09-30 10 / 38


http://conal.net

Analysis summary

Sequential:

Divide and conquer:

D(n) = O(logn)
W(n) = O(n logn)

Challenge: can we get O(n) work and O(logn) depth?
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Master Theorem

Given a recurrence:

f(n) = a f(n/b) + O(n?)
We have the following closed form bound:

O(n?) if a < b?
f(n) =< 0O(nlogn) ifa=1?
O(n'°&va)  if g > b?
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Master Theorem (d = 1)

Given a recurrence:
f(n) =af(n/b)+0(n)
We have the following closed form bound:

O(n) ifa<bd
f(n)=<¢O(nlogn) ifa=5b
O(n'°&)  ifa >b
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Master Theorem (d = 1)

Given a recurrence:
f(n) =af(n/b)+0(n)
We have the following closed form bound:

O(n) ifa<bd
f(n)=<¢O(nlogn) ifa=5b
O(n'°&)  ifa >b

Puzzle: how to get a < b for our recurrence?
W(n)=2W(n/2) + O(n)

Return to this question later.

Conal Elliott Efficient parallel scan rev 2015-09-30 12 / 38


http://conal.net

Variation: 3-way split/merge

a171, .

<3 A1m, 42,15 - -+, A2,m,A31, - - -
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Variation: 3-way split/merge

a171, .

cy Qlm; G215 - -

-3 A2my A3 15 - - -

, A3.m

usplz't

a171,. .

, A1,m

a21,---,02m

agi,---

» A3,m
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Variation: 3-way split/merge

a1 1s---,01,m,0215-+-,02m,A31,-..,A3m
usplz't
a171, e A1m a271, e ,ag,m a371, . ,a37m
lllscan U'lsccm Ulscan
b1,y b1m | brms1 || D215 b2m [b2mt1 || D315 -5 b3m | 3 mt1
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Variation: 3-way split/merge

a1 1s---,01,m,0215-+-,02m,A31,-..,A3m
usplz't
a1,1, e A1m CL271, e ,a27m a371, .o ,a37m
lllscan U'lsccm Ulscan
b1,y b1m | brms1 || D215 b2m [b2mt1 || D315 -5 b3m | 3 mt1
umerge
dl,b e dl,m; dg’l, ceey d27m, d3’1, ey dg,m d37m+1

where

Conal Elliott

dij=bi;

doj = b1my1 + b2

d3; = b1 my1 + bomy1 + b3
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Variation: k-way split

Conal Elliott
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.,a17m,...,ak71,...

; Gkom,
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Variation: k-way split/merge

Conal Elliott

aiq, ..

.,a17m,...,ak71,...

; Gkom,

U’split

ai1,---

, A1m Qk.1y---

y Ake;m
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Variation: k-way split/merge

Q1153 Qlmy -5 Ak 155 km

U’split

arl,---,a1,m ak,l,...,ak,m

U'lscan v U‘lscan

b1y, 01,m | 01 ms1 . b1y bkem | Dkemt1
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Variation: k-way split/merge

where

Conal Elliott

CL171, e ,al,m, e ,ak71, e ,ahm
U’split
al’l,...,alym ak,l,...,ak,m
U'lscan s U‘lscan
b1,y b1m | Ormyt | oo Ok, Dl | Demat

“umerge

dl,l?" 'adl,mv"'7dk,1a" . adk:,m

Ck+1

dij = ci+ by
ci = E b1m+1
1<i<i
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k-way split /merge

1155 Q1lmy---y k155 Akm
U’split
al’l,...,alym ak,l,...,ak,m
U'lscan s “lscan
b1,y b1m | Ormyt | oo Ok, Dl | Demat
“umerge
d1,17 Cceey dl,ma e ,dk71, e adk,m Ck+1
where
dij = cj +bij
Cly...yCk|Chy1|= Iscan ( b1ty blmt1 )
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k-way split /merge

Q1153 Qlmy -5 Ak 155 km

U’split

arl,---,a1,m ak,l,...,ak,m

U'lscan v “lscan

b1y, 01,m | 01, ms1 . b1y bkem | Dkemt1

“umerge

d1,17' . .,dl,m, e ,dk71, e adk,m Ck+1

where

bl,m+17 s 7bk,m+1

‘U’lscan dz,] — Cj —|— bl,]

Cly- s Ck | Ckt1
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Work analysis

Master Theorem (d = 1):
W(n) =aW(n/b) + O(n)
O(n) ifa<bd

W(n)=1<0(mlogn) ifa=5b
O(n'°&) ifa >b
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Work analysis

Master Theorem (d = 1):
W(n) =aW(n/b)+ O(n)

O(n) ifa<bd
W(n)=1<0(mlogn) ifa=5b
O(n'°&) ifa >b

Scan with k-way split:
=kW(n/k)

(k) +O(n)

+ W
+0(n

~—

Still O(n logn).
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Work analysis

Master Theorem (d = 1):
W(n) =aW(n/b)+ O(n)

O(n) ifa<bd
W(n)=1<0(mlogn) ifa=5b
O(n'°&) ifa >b

Scan with k-way split:
=kW(n/k)

(k) +O(n)

+ W
+0(n

~—

Still O(n logn).

If k is fized.
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Split inversion

Two kinds of split:
e Top-down — k pieces of size n/k each
W(n)=kW(n/k)+ W(k)+ O(n)

=kW(n/k)+O(n)
= O(n logn)
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Split inversion

Two kinds of split:

e Top-down — k pieces of size n/k each

W(n) =kW(n/k)+ W(k)+ O(n)
=kW(n/k)+ O(n)
= O(n logn)

e Bottom-up — n/k pieces of size k each:
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Split inversion

Two kinds of split:
e Top-down — k pieces of size n/k each
W(n)=kW(n/k)+ W(k)+ O(n)

=kW(n/k)+O(n)
= O(n logn)

e Bottom-up — n/k pieces of size k each:

W(n) = (n/k)W(k)+ W(n/k)+ O(n)
=W(n/k)+ O(n)
= O(n)
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Split inversion

Two kinds of split:
e Top-down — k pieces of size n/k each
W(n)=kW(n/k)+ W(k)+ O(n)

=kW(n/k)+O(n)
= O(n logn)

e Bottom-up — n/k pieces of size k each:

W(n) = (n/k)W(k)+ W(n/k)+ O(n)
=W(n/k)+ O(n)
= O(n)

Mission accomplished: O(n) work and O(logn) depth!
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Root split

Another idea: split into \/n pieces of size \/n each.
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Root split

Another idea: split into \/n pieces of size \/n each.

Wi(n) = Vi W(/m) + W(v/a) + O(n)
— i W(/) + O(n)
= O(n loglogn)

D(n) = O(loglogn)

Nearly constant depth and nearly linear work. Useful in practice?
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In CUDA C — bottom-up binar

__global__ void prescan(float *g_odata, float *g_idata, int n) {
extern __shared__ float temp[]; // allocated on invocation
int thid = threadIdx.x;
int offset = 1;

// load input into shared memory
temp [2*thid] = g_idata[2*thid];
temp [2*thid+1] = g_idata[2*thid+1];
// build sum in place up the tree
for (int d = n>>1; d > 0; d >>= 1) {
__syncthreads();
if (thid < d) {
int ai = offset*(2*thid+1)-1;
int bi = offset*(2+thid+2)-1;
temp[bi] += templail; }
offset *= 2; }
// clear the last element
if (thid == 0) { temp[n - 1] = 0; }
// traverse down tree & build scan
for (int d = 1; d < n; d *= 2) {
offset >>= 1;
__syncthreads();
if (thid < d) {
int ai = offset*(2xthid+1)-1;
int bi = offset*(2*thid+2)-1;
float t = templ[ail;
temp[ai] = temp[bil;
temp[bi] += t; } }
__syncthreads();
// write results to device memory
g_odata[2*thid] = temp[2*thid];
g_odata[2*thid+1] = temp[2+thid+1]; }

Source: Harris, Sengupta, and Owens in GPU Gems 3, Chapter 39
20 / 38
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In CUDA C — bottom-up binar

__global__ void prescan(float *g_odata, float *g_idata, int n) {
extern __shared__ float temp[]; // allocated on invocation
int thid = threadIdx.x;
int offset = 1;

// load input into shared memory
temp [2*thid] = g_idata[2*thid];
temp [2*thid+1] = g_idata[2*thid+1];
// build sum in place up the tree
for (int d = n>>1; d > 0; d >>=1) {
__syncthreads();
if (thid < d) {
int ai = offset*(2*thid+1)-1;
int bi = offset*(2+thid+2)-1;
temp[bi] += templail; }
offset *= 2; }
// clear the last element
if (thid == 0) { temp[n - 11 = 0; }
// traverse down tree & build scan
for (int d = 1; d < n; d *= 2) {
offset >>= 1;
__syncthreads();
if (thid < d) {
int ai = offset*(2xthid+1)-1;
int bi = offset*(2*thid+2)-1;
float t = templail;
temp[ai] = temp[bil;
temp[bi] += t; } }
__syncthreads();
// write results to device memory
g_odata[2*thid] = temp[2*thid];
g_odata[2*thid+1] = temp[2+thid+1]; }

Source: Harris, Sengupta, and Owens in GPU Gems 3, Chapter 39
20 / 38
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In Haskell — generalized left scan

class LScan ¢ where
Iscan :: Monoid a = ¢ a — (c a, a)

Parametrized over container and associative operation.
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Binary trees in Haskell

dataTa=La|B(Ta)(T a)
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Binary trees in Haskell

dataTa=La|B(Ta)(T a)
Alternatively,

data T a =L a| B (Pair (T a))
where

data Pair a = a: # a
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Binary trees in Haskell

dataTa=La|B(Ta)(T a)
Alternatively,

data T a =L a| B (Pair (T a))
where

data Pair a = a: # a
Generalize from pairs:

dataTfa=La|B(f (T a))
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In Haskell — top-down

dataT fa=La|B(f(Tfa))

instance (Zippy f, LScan f) = LScan (T f) where
Iscan (L a) = (L0, a)
Iscan (B ts) = (B (adjust <& zip (tots’, ts")), tot)

where
(ts', tots) = unzip (Iscan <§> ts)
(tots', tot) = Iscan tots

adjust (p,t) = (p®) <> ¢
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In Haskell — bottom-up

dataT fa=La|B(Tf(fa))

instance (Zippy f, LScan f) = LScan (T f) where
Iscan (L a) = (L0, a)
Iscan (B ts) = (B (adjust <& zip (tots’, ts")), tot)

where
(ts',tots) = unzip (Iscan <§> ts)
(tots', tot) = Iscan tots

adjust (p,t) = (p®) <> ¢
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In Haskell — root split

data T fa=L(fa)|B(Tf(TFfa))

instance (Zippy f, LScan f) = LScan (T f) where
Iscan (L as) = first L (Iscan as)
Iscan (B ts) = (B (adjust <& zip (tots’, ts")), tot)

where
(ts',tots) = unzip (Iscan <§> ts)
(tots', tot) = Iscan tots

adjust (p,t) = (p®) <> ¢
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Type composition

data (gof) a= Comp (g (f a))
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Type composition

data (gof) a= Comp (g (f a))

instance (Zippy g, LScan g, LScan f) = LScan (g o f) where
Iscan (Comp gfa) = (Comp (adjust <& zip (tots’, gfa’)), tot)

where
(gfd’, tots) = unzip (Iscan <& gfa)
(tots',tot) = lscan tots

adjust (p, fa’) = (p®) &> fo’
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Trees with explicit composition

data T fa=1La | B((foTf) a) --top-down f-tree

dataT fa=1La |B(T fof) a)

data T fa=L(fa)|B(TfoTf)a) --top-down root f-tree
B(T )

(fof) a

-- bottom-up f-tree

data T fa=L(f a)| -- bottom-up root f-tree
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Trees with explicit composition

data T fa=1La | B((foTf) a) --top-down f-tree

dataT fa=1La |B(T fof) a)

data T fa=L(fa)|B(TfoTf)a) --top-down root f-tree
B(T )

(fof) a

-- bottom-up f-tree

data T fa=L(f a)| -- bottom-up root f-tree

f-trees:
instance (Zippy f, LScan f) = LScan (T f) where

Iscan (L a) = (L0, a)
Iscan (B w) = first B (Iscan w)
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Trees with explicit composition

data T fa=1La | B((foTf) a) --top-down f-tree

data T fa=1La |B(T fof) a)

data T fa=L(fa)|B(TfoTf)a) --top-down root f-tree
B(T )

(fof) a

-- bottom-up f-tree

data T fa=L(f a) | -- bottom-up root f-tree

Root f-trees:

instance (Zippy f, LScan f) = LScan (T f) where
Iscan (L as) = first L (lscan as)
Iscan (B w) = first B (lscan w)
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Trees with explicit composition

data T fa=1La | B((foTf) a) --top-down f-tree

data T fa=1La |B(T fof) a)

data T fa=L(fa)|B(TfoTf)a) --top-down root f-tree
B(T )

(fof) a

-- bottom-up f-tree

data T fa=L(f a) | -- bottom-up root f-tree

Root f-trees:

instance (Zippy f, LScan f) = LScan (T f) where
Iscan (L as) = first L (lscan as)
Iscan (B w) = first B (lscan w)

The bottom-up trees are perfect — f™ and f2".
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Top-down, depth 2
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Top-down, depth 2, optimized
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Top-down, depth 3
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Top-down, depth 3, optimized
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Top-down, depth 4, optimized
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Top-down, depth 5, optimized
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Bottom-up, depth 3

=

Conal Elliott Efficient parallel scan rev 2015-09-30 35 / 38


http://conal.net

Bottom-up, depth 3, optimized
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Bottom-up, depth 4, optimized
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Data structure tinker
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Data structure tinker toys

data Const b a = Const b

data Id a=1da

data (f x g) a = Prod (f a) (g a)
data (f +¢9) a=InL(f a)| InR (g a)
data (g o f) a= Comp (g (f a))
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Data structure tinker toys

data Const b a = Const b

data Id a=1da

data (f x g) a = Prod (f a) (g a)
data (f +¢9) a=InL(f a)| InR (g a)
data (g o f) a= Comp (g (f a))

Each has an LScan instance.

Parallel scan for many data structures.

See post: Composable parallel scanning.
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Data structure tinker toys

data Const b a = Const b

data Id a=1da

data (f x g) a = Prod (f a) (g a)
data (f +¢9) a=InL(f a)| InR (g a)
data (g o f) a= Comp (g (f a))

Each has an LScan instance.

Parallel scan for many data structures.

See post: Composable parallel scanning.

Similar algorithm decompositions?
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